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ON THE INITIAL IDEAL OF A GENERIC ARTINIAN
GORENSTEIN ALGEBRA

MATS BO1J, LUIS DUARTE, AND SAMUEL LUNDQVIST

ABSTRACT. In this note we show that the initial ideal of the annihilator ideal
of a generic form is generated by the largest possible monomials in each degree.
We also show that the initial ideal with respect to the degree reverse lexico-
graphical ordering of the annihilator ideal of the complete symmetric form has
this property, by determining a minimal Grébner basis of it. Moreover, we de-
termine the total Betti numbers for a class of strongly stable monomial ideals
and show that these numbers agree with those for the degree reverse lexico-
graphical initial ideals of the ideal generated by a sufficiently large number of
generic forms, and of the annihilator ideal of a generic form.

1. INTRODUCTION

Let R = k[x1,...,x,) be a standard graded polynomial ring. degree reverse lex-
icographical ordering. Moreno-Socias [8] conjectured that the initial ideal I of an
ideal generated by m generic forms is weakly reverse lexicographical, which means
that if z# € I is a minimal monomial generator of I, then every monomial of the
same degree as x* that preceeds x* with respect to the degree reverse lexicograph-
ical ordering is also in I. Pardue [9] showed that Moreno-Socias’ conjecture for the
special case m = n implies the longstanding Froberg conjecture [4] on the Hilbert
series of ideals generated by any number of generic forms. We also recall that a
monomial ideal I is reverse lexicographic if, for every d > 0, I; is generated by the
largest possible monomials of degree d with respect to the reverse lexicographic
ordering.

Let S = k[X1,...,X,]. We view S (the inverse system of R) as an R-module,
with the action of R on S being given by x; 0 g = %g for every g € S and
i=1,...,n. If Ais a subset of S we set

Amn(A)={f€eR:fog=0forall g€ A}.

In the case of positive characteristic, we have to replace the differentiation action
of S on R defined above by the contraction action, given by

XX XETh X if g > 1,

;0 XM X2, .. X0 =
! L2 " {O otherwise.

Let G be a generic form of degree e in S. Then the Gorenstein algebra R/ Ann(G)
is compressed [7], i.e., the Hilbert series is equal to

le/2] e
D dimg Rit' + Y dimy Reit'.
i=0 i=|e/2]+1
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Much is known about the generators of Ann(G). If e is even, then Ann(G) is
generated in degree e/2+1 (this in fact holds for every compressed Artinian algebra
of even socle degree e [6, Example 4.7]). For e odd, Ann(G) is generated in degree
le/2|+1ifn>4orifn=3and |e/2] is odd ([2, Corollary 4.5]). In the case where
n =3, e is odd and |e/2] is even, then Ann(G) has generators in degree |e/2] + 1
and at least one generator in degree |e/2]| + 2 ([1, Example 3.16]).

In our main result of this manuscript, we focus on determining the initial ideal of
Ann(G) when G € S is a generic form of degree e. For any monomial order on R we
show that in(Ann(G)) is generated by the largest possible monomials in each degree.
If we consider the degree reverse lexicographic order, then this shows that the ideal
is not only weakly reverse lexicographic, but is in fact reverse lexicographic, thus
providing a connection to the currently open Moreno-Socias’ conjecture.

Let H. be the complete symmetric homogeneous form of degree e in S. The first
author, Migliore, Miré-Roig, and Nagel [3] showed that R/ Ann(G) and R/ Ann(H,)
have the same Hilbert series, so that in particular, R/ Ann(H,) is also compressed.
This was achieved by determining the generators for Ann(H,). They also showed
that R/ Ann(H,.) has the strong Lefschetz property by showing that the sum of the
variables serves as a strong Lefschetz element. Here, we extend this result by deter-
mining a reduced Grobner basis of Ann(H,) with respect to the degree reverse lexi-
cographical ordering. As a consequence, we obtain that in(Ann(H,)) = in(Ann(QG)),
from which we get that the initial ideal of Ann(H,) is reverse lexicographical and
that x,, serves as a strong Lefschetz element.

Let d = |e/2] 4+ 1. The ideal Ann(G) has at least dimy, Rq — dimy R4—1 minimal
generators of degree d. Consider the ideal I generated by at least as many general
forms of degree d, and possibly more of degrees > d. We provide a connection
between the initial ideal of I and the initial ideal of Ann(G), with respect to the
degree reverse lexicographical ordering, by showing that they have the same total
Betti numbers. This relationship is unexpected since R/I and R/ Ann(G) are not
even isomorphic as vector spaces.

The paper is organized as follows. In Section 2 we determine the initial ideal of
the annihilator ideal of a generic form. In Section 3 we determine the Grébner basis
of the annihilator ideal of the complete symmetric homogeneous form. In Section 4
we determine homological invariants of a class of strongly stable monomial ideals,
of the initial ideal of the annihilator ideal of a generic form, and of the initial ideal
of the ideal generated by sufficiently many generic forms.

2. THE GENERIC CASE

Theorem 2.1. Let G € S be a generic homogeneous form of degree e and let < be
any monomial order. Then for d € [e/2,¢]

[in(Ann(G))]q = (first dimy Ry — dimy, Re—q monomials of degree d).

Proof. We compute the degree d part of the ideal Ann(G) as the kernel of the
catalecticant matrix Catg_ 4(G) representing the pairing

Sqg X Se_g — k

given by (f,g) — (fg) o G. Let My be the monomial basis for Ry. We can

write G = Zue/\/le ﬁa#,u. Observe that p o p = 1 for all monomials p if we

are in characteristic p using the contraction action. The catalecticant matrix for
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computing Ann(G) in degree d is given by

(@) pem, g wem,
Let S € My and T C M,._4 be subsets of the same cardinality and consider
the minor defined by them. If we order the rows and columns according to our
monomial order, starting with the largest, we have that the indices of the entries
of the catalecticant matrix is decreasing in rows and columns. Hence, the product
of the diagonal elements in the minor is a squarefree monomial in the coeflicients
a, that cannot occur in any other term of the minor. This shows that any minor is
non-zero for a generic form. This means that we can row-reduce the catalecticant
matrix to a form
B 1
and the kernel is given by the columns of

-

showing that the initial monomials of the basis of [Ann(G)]4 are the first monomials
in the monomial order that we have chosen. (]

We now specify further properties of the ideal in(Ann(G)) when we consider on
R the degree reverse lexicographic order induced by z1 > --- > x,,.

Corollary 2.2. Let G € S ge a generic form of degree e. Consider on R the
degree reverse lexicographic order. Then x, is a strong Lefschetz element for

R/in(Ann(G)).

Proof. Let J = in(Ann(G)) and B = R/J. For x, to be a strong Lefschetz element
for B what is required is that -2¢~2¢ : B; — B,_; is bijective for all i < e/2. But for
such values of i, B; = R; since B is compressed. Also, by Theorem 2.1, a monomial
generating set of B._; consists of the smallest dimy R; monomials of degree e — 1.
These are precisely all monomials of degree e — i that are divisible by x¢~2. We
conclude that -2¢72% : B; — B._; is bijective for all i < e/2. O

For each ¢ > 0 we will denote by A; the monomial basis of k[z1, ..., z,—1];.

Corollary 2.3. Let G € S ge a generic form of degree e. Consider on R the degree
reverse lexicographic order.
If e =2d + 1 is odd, then the minimal monomial basis of in(Ann(G)) in degree
d +1+1 consists precisely of the monomials in x> Agy1_; for each 0 < i <d+1.
If e = 2d is even, then the minimal monomial basis of in(Ann(G)) in degree
d+ 1+ 1 consists precisely of the monomials in Agy1 Uz, Ag for i =0 and of the
monomials in 21 A,_; for each 1 <i<d.

Proof. J = in(Ann(G)) is generated in degrees |e/2] +1=d+1<j<e+1. By
Theorem 2.1, J is minimally generated in degree d + 1 by the first dimy Rg+1 —
dimy R.—4—1 monomials of degree d + 1. In the case e = 2d + 1 these consist of
the monomials in Agzy; and in the case e = 2d these consist of the monomials in
Agr1 Uz, Ag.

For each j > d+1, by Theorem 2.1, .J;_ is generated by all monomials of degree
7 — 1 not divisible by ;vi(j 71)78, so that Ry.J;_; is generated by all monomials of
degree j not divisible by x2/~1=¢. Therefore, the minimal generators of J of degree

j are precisely the monomials of degree j that are divisible by 2/~17¢ and not by
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x27¢ i.e., the monomials in 2% =17 A,_; . Putting j =d+ 1+ withi > 1 we
obtain the desired statement. O

3. A GROBNER BASIS FOR THE ANNIHILATOR OF THE COMPLETE
HOMOGENEOUS POLYNOMIAL

In this section we assume that the field k has characteristic zero. We also fix on
R = k[x1,...,z,] the degree reserve lexicographic order induced by z1 > - - = .
For each e > 0 denote by

Ho= Y X{('---Xres

1€N" |i|=e

the complete symmetric polynomial of degree e. In [3] the authors have shown that
R/ Ann(H.) is compressed ([3, Theorem 2.11]). Thus, R/ Ann(H,) and R/ Ann(G)
have the same Hilbert function, where G € S is a generic form of degree e. In their
paper, the authors also determine a set of generators of Ann(H,) ([3, Theorem
2.12]) and show that R/ Ann(H,) has the strong Lefschetz Property.

In what follows, we focus on determining in(Ann(H.)). We will show that
in(Ann(H.)) = in(Ann(G)), from which it follows that in(Ann(H.)) is reverse lex-
icographical. We achieve this by specifying a Grobner basis for in(Ann(H,)). In
order to present such a basis, we introduce some notation.

Definition 3.1. Let ¢ : R — R be the k-linear map given by

1 _ 11 (2
(P(Jil xnn)_ﬁxl xnn
210l

for each (i1,...,in) € N,
Definition 3.2. For each a = (a1,...,a,_1) € N*=1 denote
F,=(x1—xzp)" (Tn-1 —xp)* ' € R.

For every d > 1, in [3, Theorem 2.12] the authors have shown that F,, with
la| = d + 1, annihilates Hay and Hogt1. We now show the following
Proposition 3.3. If e = 2d is even then {o(z%T'F,) : i = 0,...,d and |a] =
d—i} C Ann(Hag) and if e = 2d+1 is odd then {p(z2' F,) : i = 0,...,d+1 and |a| =
d+1-— Z} C AHH(H2d+1).

Proof. We do induction on e. For e = 1 the statement amounts to verifying that
r; —xp, fori=1,...,n—1, as well as %x%, annihilate hy = X7 + - - - + X,,, which
is obvious.

Suppose now that e = 2d is even and that the statement is true for all e < 2d.
Let i € {0,...,d} and a = (a1,...,an—1) be such that |a| +¢ = d. We need to show
that (221 F,) o Haq = 0.

By [3, Theorem 2.12], considering n + 1 variables xq, z1, ..., Z,, we have that

f= (P/((xl — :pn)al .. '(33n71 _ xn)anil(IO _ In)2i+1) _ (P/(FQ(IO _ xn)2i+1))

annihilates Hé(\a\+2i+1)—1 = Hjy, 9, Here ¢’ stands for the map ¢ defined on
klxo,x1,...,xy] instead of k[z1, . .., z,] and, for any €', H, stands for the complete
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symmetric polynomial of degree €’ in the variables Xg, X1, ..., X,,. We observe that

241 .
. 2 +1 o
f= ¢ (Fa(zo - 2,)2 ) = ¢ Z < Z_F— >(_1)J$£LI§Z+1 'Fy

j=o N
21+1 2’L+1 1) 2i41—j
= Z (S 1 Fa)
j (20 4+1—7)!
2i+1

—Zb] 2i+1—j $JF)

Here the b; represent the suitable coefficients. The third equality holds because xg
does not show up in Fj,. Since

2d+2i+1

/ _ ¢
Haq 4241 = Z XoH2da+2i+1-¢
t=0

and since
(bjxgl'i_l_‘]@(flfgng)) ¢} (X5H2d+2i+1—t) — b;Xé_(Qi-i-l—j) (SD('I%FQ) ° H2d+2i+l—t)

: : ’ : 2i+1 / :
for suitable coefficients b7, the coefficient of Xg""" in fo Hy;, o, is

c= Z Vi(o(xd Fy) o Hagyoir1—t)

where the sum ranges over all j,¢ such that 0 <¢ <2d+2:+1,0<j<2¢+1 and
t—(2i+1—j) =2i+1. Since we must have ¢ > 2i + 1, we can write t = 2i+1+7.
Then j = 2i 4+ 1 —r and we can rewrite the coeflicient of Xg”’l in foHy; 5, as

2141
2it1—r
c= Z Vi1 (P2 Fy) o Hagr)

By the induction hypothesis, whenever r > 1 we have that @(22 17" F,) 0 Hyq_, =
0. Therefore

¢ = by (T Fy) 0 Hag.

Since f annihilates Hj,, 5,1, we must have ¢ = 0, i.e., (@21 F,) o Hyqg = 0, as
we wanted to show.

Suppose now that e = 2d + 1 is odd and that the statement is true for all
ep < 2d + 1. In this case we need to show that ¢(z2F,) o Hagt1 = 0. for every
ie{l,...,d+1} and @ = (a1,...,an—1) such that |a| +¢ = d + 1. The proof
follows along the same lines as in the case of e even, except this time one starts the
argument from the fact that

f= ‘PI((CCI - xn)al T (xn—l - xn)an71($0 - xn)zl) = ‘PI(FQ($0 - xn)%))

annihilates H§(|a|+2i71) = Hj,,o;- We obtain, as before, that the coefficient of
X3 in foHpy o, is

c= Z b21 ’I" 2i_TFg) o H2d+17r)
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for suitable nonzero coefficients b;-. By the induction hypothesis, whenever r > 1
we have that ¢(22""F,) o Hyqy1—, = 0. Therefore

n
¢ = byp(a3 Fy) o Hagy1.
Since f annihilates H},  ,;, we must have ¢ = 0, i.e., p(22'Fy) 0 Haq11 = 0. O

We can know specify a minimal Grébner basis for Ann(H.). We recall that we
are considering on R the degree reverse lexicographic ordering.

Theorem 3.4. For anye > 1, if G € S is a generic form of degree e then
in(Ann(G)) = in(Ann(H,)).
Moreover, if e = 2d is even then

Goa ={p(Fy) : la|=d+1}U {go(:v%"’lFl) :i=0,...,d and |a| =d — i}

n

is a minimal Gréobner basis for Ann(Hag). If e =2d 4+ 1 is odd then
Goar1 = {p(22F,):i=0,...,d+1 and |a| =d + 1 —i}
is a minimal Grébner basis for Ann(Hagq1).

Proof. Suppose e = 2d+ 1 is odd. By Proposition 3.3 and [3, Theorem 2.12], Gog41
is a subset of Ann(H,). The initial terms of Gagy1 form the set {x2ix§t ... 20" "
1=0,...,d+1and a1 +---+a,—1 = d+1—1i}, which, by Corollary 2.3, is exactly
the minimal monomial generating set of in(Ann(Hagy1)). Since R/ in(Ann(Hagy1))
and R/in(Ann(G)) have the same Hilbert function, we conclude that in(Ann(G)) =
in(Ann(Hszg+1)) and that Gogq1 is a minimal Grobner basis for Ann(Hagq1). For

e = 2d even, the result follows in the same way. O

We finish this section with a couple of observations concerning the reducedness
of the Grobner basis presented in Theorem 3.4 and concerning the problem of
determining a minimal generating set for Ann(H,).

Remark 3.5. It is easy to see that the Grobuner basis Gagy1 for Ann(Hog41) pre-
sented in Theorem 3.4 is reduced. However, the Grobner basis Gog for Ann(Hag) is
not in reduced form. This is because, given (ay,...,a,-1) € N*~1 with a; +--- +
an—1 =d+ 1, we have that

ay an—1 n—1 ay a;—1 an—1
7:[:1 ...xn_l xl ...xi ...xn_l
Tl a1 i 1 T
aq:--QAp—1- . al.---(ai—l).---an_l
has in its support monomials divisible by the leading monomials of the Grébner

basis elements ¢ (2n F(q, ... .a,~1,....a,_,)) With a; # 0. As such, replacing in Ga4 each
©(Flay,...;an_y)) With ag +--- 4+ a1 =d+1 by

n—1

SD(F(alxnwanfl)) + Z a’i@(InF(al7~~~;ai_17~~~;an71))

i=1

we obtain a reduced Grébner basis of Ann(Hag).
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Remark 3.6. According to [3, Theorem 2.12], for every d > 0, Ann(Haq) is
equigenerated in degree d + 1, while Ann(Ha441) is generated in degrees d + 1
and d + 2. Therefore, a minimal set of generators of Ann(Hsy) is given by the
elements of its minimal Grobner basis Gog that have degree d + 1, i.e., by {p(Fy) :
la| = d+ 1} U {o(z,Fy,) : |a| = d}. Similarly, the elements in {¢(F,) : |a| = d + 1}
are minimal generators of Ann(Hag41). To determine a minimal set of generators
of Ann(Hz4+1) it remains to check which elements in {¢(22F,) : |a| = d} are also
minimal generators. We do not have an answer to this. However, our computational
experiments point to the following conjecture.

Conjecture 3.7. If d is odd, then Anun(Hjz,441) has no minimal generators in degree
d+ 2, so that Ann(Haq11) = (@(F,) @ |a] = d+1).

If d is even, then Ann(Haz441) has exactly one minimal generator in degree d + 2.
In fact, we have Ann(Hag11) = (¢(Fa) @ la| = d + 1) + (o(22 (21 — 20))).

4. TOTAL BETTI NUMBERS FOR A CLASS OF STRONGLY STABLE IDEALS

Recall that a monomial ideal J of R is strongly stable if for every monomial
m € J, every variable x; that divides m and every j < ¢ the monomial (z;/z;)m
also belongs to J. In particular, every weakly reverse lexicographic ideal is strongly
stable.

In this section we determine the total Betti numbers 3, of strongly stable mono-
mial ideals generated in degrees > d that contain every monomial of degree d not
divisible by x,. We then show that 3, equals the total Betti numbers of the initial
ideal of an ideal generated by generic forms in degrees > d with a sufficient number
of generators of degree d, and likewise, that 3, equals the total Betti numbers of
the initial ideal of the annihilator of a generic form.

In the following statement, m stands for (x1, ..., 2, ), the maximal homogeneous
ideal of R = k[z1,...,zp).

Theorem 4.1. Let d > 2. Let J be a strongly stable monomial ideal of R =
klx1,...,2,] generated in degrees > d and containing every monomial of degree d
not divisible by x,,. Suppose R/J is Artinian. Then

—~ (d+i—2\(i-1
d
= = > .
Bp(R/J) = Bp(R/m?) igﬂ ( g1 )(p— 1) for allp>1
In particular, J is minimally generated by dimy Rg monomials.

Proof. We start by proving the last statement, i.e., that J is minimally generated by
dimy Ry monomials. For each i > 0 let r; denote the number of minimal generators
of J of degree i. We claim that

HF(R/J,i) —HF(R/J,i+ 1) =ri41
for every ¢ > d. Since
HF(R/J,i+ 1) = dimy, R; 41 — dimy, Ji4+1
= dimg, R; 41 — dimg (R J;) — 741
= dimg(Ri+1/R1J;) — rit1,
the claim is equivalent to showing that
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For this, we observe that multiplication by x,, induces a bijection between the
monomial basis of R;/J; and the monomial basis of R;1/R1J;. The surjectiveness
comes from the fact that J; contains every monomial of degree ¢ not divisible by
X, thus forcing every element of R;11/R1J; to be a multiple of z,. To show
injectiveness, suppose that m is a monomial of degree ¢ such that z,m = z;m’
where 1 <t < n and m’ is a monomial in J;. If t = n then m = m/ € J; and we are
done. If ¢ < n then m’ must be divisible by z,, and we get m = m/(z;/xy), which,
since J is strongly stable, belongs to J;. This proves the claim.

Let s be the socle degree of R/J. Since J is generated in degrees greater or equal
to d, we have

dimk Rd —Td = HF(R/J, d)

= XS:HF(R/J,Z') —HF(R/J,i+1)
i=d

S
= E Tit1-
i=d

We conclude that rg + --- + rs41 = dimy Ry, i.e., J is minimally generated by
dimy R; monomials.

Consequently, J is minimally generated by all dimj, Ry —dimy R4—1 monomials of
degree d that are not divisible by x,, and by dimy R;—1 monomials divisible by z,.
More precisely, for each 1 < i < n, J contains exactly a; = dimg k[x1, ..., 2;]qd—1 =

(d;if) minimal generators that are divisible by x; and not by any x; with 7 > <.

d+n—2

Also J contains exactly a, = dimg Rg—1 = ( o

by z,,.

As J is strongly stable, the minimal free resolution of R/J is given by the
Eliahou-Kervaire resolution. According to [10, Corollary 28.12], the total Betti
numbers 3,(R/J) are given by the formula

) minimal generators divisible

n

TR YA Z (560

=1

for all p > 1. Since m? satisfies the hypothesis of the theorem, the total Betti
numbers of R/m? also agree with this formula. O

As a corollary, we obtain that if I is an ideal of R generated by generic forms of
degrees > d, of which a sufficient number of them have degree exactly d, then adding
more generic forms of degrees > d to I will not change the total Betti numbers of

R/in(I). In particular, it will not change the number of minimal generators of
in(I).

Corollary 4.2. Let d > 2 and n > 3. Let I be an ideal of R = klx1,..., 2]
generated by generic forms of degrees greater than or equal to d, of which at least
dimy Ry — dimg Rg—1 have degree d. Then

By(R/in(I)) = Bp(R/m?) = zn: (d ;L: 2) (’ B 1) for all p > 1.

i=1 p—1

In particular, in(I) is minimally generated by dimy Rq monomials.
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Proof. Since I is generated by generic forms, in(I) equals the generic initial ideal
of I, hence in(7) is a strongly stable ideal by [10, Theorem 28.4]. Also, as at least
dimy, Rq — dimy R4—1 of the generators of I have degree d, in(I) contains all the
monomials of degree d that are not divisible by x,,. Since d > 2 and n > 3, we have
dimg Rg — dimy, R4—1 > n, thus R/I is Artinian. The statement now follows from
Theorem 4.1. [l

Example 4.3. Let I be an ideal in R = k[z1, 22, 23] generated by dimy Ryq —
dimy R1p = 12 generic forms of degree 11. Let I’ be I plus the ideal generated
by a generic form of degree 12, and let I” be I plus the ideal generated by the
non-generic form (z1 + z2 + x3)°x5. All three ideals will have socle in degree 13,
and the non-trivial parts of the Betti tables equals

1 2 3 1 2 3 1 2 3

total: 78 143 66 total: 78 143 66 total: 76 140 65
10: 12 11 . 10: 12 11 . 10: 12 11 .
11: 11 22 11 11: 12 24 12 11: 11 22 11

12 22 44 22 12: 24 48 24 12 22 47 24

13: 33 66 33 13: 30 60 30 13: 30 60 30

for in(I), in(I"), and in(I"), respectively. In particular, the total Betti numbers for
in(I) and in(I") agree, while those for in(I") differ due to the fact that I” is not
generated solely by generic forms.

Remark 4.4. Let I = Ann(G), where G € S is a generic form of degree e > 1.
According to Theorem 2.1, in([) is a reverse lexicographic, hence strongly stable,
ideal that is generated in degrees |e/2] +1 =d+ 1 < ¢ < e+ 1 and contains all
monomials of degree d+1 not divisible by z,,. Hence, in(I) satisfies the requirements
of Theorem 4.1, so that 8,(R/in(I)) = B,(R/mé*t) for all p > 0.

However, by Corollary 2.3, we know exactly the basis elements of in(I), so we
can actually specify all the graded Betti numbers of R/ in(7).

Since in(I) is a strongly stable ideal, by [10, Corollary 28.12] we have that

Bp.prq(B/ In(1)) = sz; i-a (; : 11>

for all p > 1 and ¢ > 0, where a; ; denotes the number of minimal generators of
in(I) that have degree ¢ and that are divisible by xz; but not by any z; with j > i.

In degree d + 1 we have that in(/) contains all monomials not divisible by x,, so
that a; g41 = dimy k[z1,...,2;]q = (dtfl*l) for all i < m and a; 4 =0 for all ¢ < n,
g > d+1. From Corollary 2.3 we get ay 4 = dimg k[z1, ..., Tn-1]eti—q = (67;1::271)

for all ¢ > d + 1. We also see that a, 441 = 0 if e = 2d + 1 is odd and that
an,d+1 = dimyg k[z1,. .., 2p-1]a = (d+272) if e = 2d is even.
We conclude that
. e—q+n—1\/n—-1
Busal®/m() = (71T (0]
for all p > 1 and g > d + 1, whereas

S (Y () if e = 2d + 1 is odd

Bpp+ar1(R/in(I)) = { (=) o (4 (;:11) if e = 2d is even
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for all p > 1.
Our computational experiments also give evidence for the following.

Conjecture 4.5. Let G € S is a generic form of degree e > 1. Let I be an ideal
of R generated by generic forms of degrees greater than or equal to d = |e/2] + 1,
of which at least dimy Ry — dimy R4—1 have degree d. Then

in(Ann(G)) C in(1).

If I is as in Conjecture 4.5 then, by Corollary 4.2, we know that the minimal
number of generators of in(f) is dimy R4y. However, we do not know how many
minimal generators in(I) has in each degree. If that could be determined, then,
as in Remark 4.4, we would know the whole Betti table of R/in(I) and, as a
consequence, one could possibly determine the Hilbert function of R/I and check
if it matches with the Hilbert function predicted by Froberg’s conjecture.

ACKNOWLEDGEMENTS

Experiments in Macaulay?2 [5] have been crucial to derive the results presented in
the paper. The first author was partially funded by the Swedish Research Council
VR2024-04853, the second author was supported by the Sverker Lerheden Foun-
dation, and third author was partially supported by the Swedish Research Council
grant VR2022-04009.

REFERENCES

[1] Mats Boij. Betti numbers of compressed level algebras. Journal of Pure and Applied Algebra,
134(2):111-131, 1999.

Mats Boij, Emanuela De Negri, Alessandro De Stefani, and Maria Evelina Rossi. On the rate
of generic gorenstein k-algebras. arXiv preprint arXiv:2304.14842, 2023.

[3] Mats Boij, Juan Migliore, Rosa M. Mir6-Roig, and Uwe Nagel. Waring and cactus ranks and
strong lefschetz property for annihilators of symmetric forms. Algebra € Number Theory,
16(1):155-178, 2022.

[4] Ralf Froberg. An inequality for Hilbert series of graded algebras. Mathematica Scandinavica,
56:117-144, 1985.

(5] Daniel R. Grayson and Michael E. Stillman. Macaulay2, a software system for research in
algebraic geometry. Available at http://www2.macaulay?2.com.

[6] Anthony Iarrobino. Compressed algebras: Artin algebras having given socle degrees and
maximal length. Transactions of the American Mathematical Society, 285(1):337-378, 1984.

[7] Anthony Iarrobino and Vassil Kanev. Power sums, Gorenstein algebras, and determinantal
loci. Springer Science & Business Media, 1999.

[8] Guillermo Moreno-Socias. Degrevlex grobner bases of generic complete intersections. Journal
of Pure and Applied Algebra, 180(3):263-283, 2003.

[9] Keith Pardue. Generic sequences of polynomials. Journal of Algebra, 324(4):579-590, 2010.

[10] Irena Peeva. Graded syzygies, volume 14. Springer Science & Business Media, 2010.

[2

MATs Bo1j, DEPARTMENT OF MATHEMATICS, KTH — ROYAL INSTITUTE OF TECHNOLOGY, SE-
100 44 STOCKHOLM, SWEDEN
Email address: boij@kth.se

Luis DUARTE, DEPARTMENT OF MATHEMATICS, STOCKHOLM UNIVERSITY, SE-106 91 STOCK-
HOLM, SWEDEN
Email address: 1luis.duarte@math.su.se

SAMUEL LUNDQVIST, DEPARTMENT OF MATHEMATICS, STOCKHOLM UNIVERSITY, SE-106 91
STOCKHOLM, SWEDEN
Email address: samuel@math.su.se


http://www2.macaulay2.com

	1. Introduction
	2. The generic case
	3. A Gröbner basis for the annihilator of the complete homogeneous polynomial
	4. Total Betti numbers for a class of strongly stable ideals
	Acknowledgements
	References

