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Abstract

We study the C* algebra generated by the composition operator C, acting on
the Hardy space H? of the unit disk, given by C,f = f o ¢,, where

a—z

#al2) = 1—az’

for |a] < 1. Also several operators related to C, are examined.
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1 Introduction

Let D = {z € C: |z] <1} be the unit disk and T = {z € C: |z| = 1} the unit circle. For
a € D, consider the analytic automorphism which maps D onto D

a—z

(pa(z) = 1 _ dz’

The fact that ¢,(¢.(z)) = z implies that the composition operator

Ccpaf: fOQD(z' (1)

induced by this automorphisms is a reflection (i.e., satisfies that C% = I) in H* = H*(D),
the Hardy space of the disk (see [6]). In this note we characterize the C*-algebra C*(C,)
generated by C,, which is also the C*-algebra generated by two projections, the ortogonal
projections onto the two eigenspaces of C,: N(C, — I) and N(C, + I). We profit from
the vast bibliography on this subject, specially the results by G.K Pedersen [11], and the
excellent survey [3].

We also consider several operators related to C,. Among these, the symmetry (=self-
adjoint reflections) p,, obtained from the polar decomposition of C,, and W, = M, C,,
(1—|a[*)'/?

1—

—— is the normalized Szego kernel.

where v, = =

1
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The characterization of C*(C,) requires the study of the spectrum of the product of
the projections onto N(C, £ I).

The contents of the paper are the following. In Section 2 we introduce preliminay
facts and notations. In Section 3 we study elementary relations between the spectra of
of PQ and P + @, for P, () orthogonal projections. In Section 4 we apply these result to
the case of P = Py(c,-1n and Q = Py(c,+1). In the short Section 5 we use these data
to characterize C*(C,), using the results of G.K. Pedersen [11] (via the exposition done
in [3]). The automorphism ¢, induces also a reflection in L?*(T), which we call T'y; in
Section 6 we study the relation between C, and I',. In Section 7 we study the mentioned
symmetries p, and W,. In Section 8 we consider the relation of C, with the Toeplitz
isometry T, , where w, is the unique fixed point of ¢, inside D.

2 Preliminaries and notations
Note that Cyf(z) = f(—z). Denote by € the subspace of even functions in H?:
E={feH: f(2)=f(=2)} = N(Cy —I).

Its orthogonal complement is the space O of odd functions, O = N(Cj + I). Denote by
w, the unique fixed point of ¢, inside the disk:

1
we = —{1—+/1—|a]?} ifa+#0, and wy=0.
a

The fixed point w, is useful in describing the two eigenspaces of C, for a # 0. In [2] it
was shown that

NC,—-1)=C,,(E) and N(C,+1)=C,,(0).
These assertions follow in a direct manner from the elementary identity

P © Pa = ~Pu,- (2)
In general (a # 0), C, is non-selfadjoint. It was shown by Cowen [5] (see also [6]) that

Ca=(Cp,)" = Ml_;_ca(Ml—az)* = Ml_;_CaTl—aza

a

where, for g € L>(T), M, and T, denote, respectively, the multiplication and Toeplitz
operators with symbol g. Equivalently,

C;:M%CG—CLM%CGS*, (3)

where S* = (M,)* (or co-shift) is the adjoint of the shift operator S = M,. Then

1 1
0% =—— (I —aS)(I —aS*) = ———T1 a.T\—as. (4)

1 [a 1 [aP



On the other hand, it can be shown that

C*Cy = (1— |a])T_

[1—az|? ’
which also equals (see Proposition 7.5 in [8])

CoCa=(1—a)T_LT 1. (6)

l—az

Remark 2.1. Using (5), one easily obtains that the spectrum of C¥C,, is

1—|a] 1+ ]a
CCo) = o(Ts ) = ,
71CaC) = o) = [y 7]

]

the image of T under the function |1f_|§§ (see [8]). Since C, is invertible, we also have

o(C,C*) equals this interval. In particular,

1+ |a

Ca = lC*|| = C*Ca 1/2 _
Il = ez) = ezl = £,

which is well know (see [6]). Similarly, we obtain the spectrum and the norm of the
commutator [C*, C,] (note that C,C* = (C*C,)™"):
[Ca, Cal = CoCa — (CaCa) ™" = f(CLC),

where f(t) = ¢ — ¢ (considered in (0,+00)). Then

B

o([C:,C)) = f <[1 —la| 1+ |a\]> _ —4]al 4|al|

1+lal’1—]a| 1—fa*" 1 —af?

and also ||[C¥, C,]|| = i"j .

3 Spectral relations between PQP and P =+ ()

In this section we collect several elementary (certainly well known) results concerning
the spectra of PQP and P + (@) for pairs of orthogonal projections P, (). First we state
properties concerning eigenvalues. Note that PQP is a positive contraction, and that
P — @ is a selfadjoint contraction. Chandler Davis [7] observed that the spectrum of
P — (@ is symmetric with respect to the oirigin, in the following sense. Denote A = P — Q)
and put H' = (N(A—1)® N(A+1I))*. Then it is elementary that H' = (R(P)NN(Q) ®
N(P)N R(Q))* reduces both P and Q. Denote by P’ and Q' (and A’ = P’ — Q') the
corresponding reductions. Then there exists a symmetry V' of ‘H such that VP'V = Q'
(and therefore also VQ'V = P’). Thus VA’V = —A’  and in particular the spectrum of
A" is symmetric: A € o(A") iff =\ € 0(A’), and the multiplicity function is symmetric. It
follows that the spectrum of A has the same property, save for the eventual eigenvalues
+1, where this symmetry could break.
Let us state the following basic properties.
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Lemma 3.1. Suppose that P and ) are orthogonal projections acting in H.
1. If PQP has a an eigenvalue X # 0,1, then (1 — A\*)'/? are eigenvalues of P — Q.

2. Conversely, if p # 0,1, —1 is an eigenvalue of P — Q, then 1 — u? is an eigenvalue
for PQP

Proof. Suppose PQPf = \f for A\ # 0,1 and ||f|| = 1. Then f € R(P) and therefore the
subspace V generated by f and @ f is invariant for P and Q:

Pf=f; PQf =PQPf=Af and Qf

belong to V. Then P —() is a selfadjoint operator acting in V, which is two dimensional (if
@ f where a multiple of f, then either Qf = 0 and then PQPf = PQf =0;0or Qf = af
and thus f € R(P)N R(Q) and therefore PQPf = f). Then {f,Qf} is a basis for V and
the matrices of P, () and P — () as operators in ) for this basis are, respectively:

1 A 00 q 1A
00/ \11) ™ -1 -1)
Note that A € (0,1): PQP > 0. The eigenvalues of the third matrix are —(1 — A\?)/2 and

(1 _ )\2)1/2.
For the second statement, suppose that Pg — Qg = ug, for u # 0, +£1, i.e.,

Qg =Pg—png. (7)
Then, applying @) one has Qg = QPg — uQg, i.e. Qg = ﬁg. Then, substituting this
identity in (7), we get

1
m@PQZPQ—NEI,

and applying P: ﬁPQPg =(1—p)Pg,ie.
PQPg = (1 —i*)Py.
Note that Pg # 0: Pg = 0 would imply Qg = —pug, i.e. p=0or p=—1. O

Remark 3.2. Note that if f # 0, PQPf = f if and only if f € R(P)N R(Q). Sufficiency
is trivial. Necessity: pick ||f|| = 1; PQPf = f implies f € R(P), and thus PQf = f.
Then

L=(PQSf. [) =(Qf. Pf) =(Qf, ),

which clearly implies f € R(Q).

The following result can be verified along the same lines as the above lemma. We
include the elementary proof.

Lemma 3.3. Let P,(Q be orthogonal projections. Then X\ is an eigenvalue of P — Q) with
IA| < 1 if and only if 1 £ (1 — M%)V are eigenvalues of P+ Q.
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Proof. Let X be an eigevalue of P — (). First suppose that A = 0, and (P — Q)f = 0 for
f#0. Then f € R(P)NR(Q) ® N(P)NN(Q). Thus f = f1 + fo with Pfi = fi = Qf,
and Pfy =0 = Qfy. Then (P+Q)fy = 2f1 and (P +Q)fo =0, ie. 1+ (1—0)"? are
eigenvalues of P + Q).

Suppose now that (P — Q)f = Af with A # —1,0, 1. Consider, as in the proof above,
the subspace V generated by f and Qf. Note that {f,Qf} are linearly independent:
if Qf = af, then either « = 0 or « = 1. If « = 0, then \f = (P - Q)f = Pf
(and A # 0) imply A = 1 (a contradiction); if « = 1, then A\f = (P —Q)f = Pf — f
implies Pf = (1 + \)f, i.e. A\ = —1 (again a contradiction). Thus {f, Qf} is a basis
for V. Note that (P + Q)f = (P — Q)f +2Qf = Af +2Qf. On the other hand,
(P — Q)f = \f implies that Pf = Af + Qf, and thus Pf = P(\f + Qf) = APf + PQf
and thus PQf = (1 = NPf = (1= NN +Qf) = A= )f+ (1 = NQf. Then
(P+Q)Qf = PQf+Qf = (A= X)f+ (2—MNQf. Therefore (P + Q)V C V and its
matrix in the basis {f, Qf} is

A A= \2
( 2 2- )\ ) ’

whose eigenvalues are 1 £ (1 — \2)1/2,
The converse is similar. O

Now we focus on arbitrary spectral values, not necessarily eigenvalues. To this ef-
fect, we shall need P. Halmos [10] results on pairs of subspaces / projections. Fix P, Q
orthogonal projections. consider the folowing natural orthogonal decomposition of H:

R(P)NR(Q) & N(P)NN(Q) & R(P)NN(Q) & N(P)NR(Q) & Ho.

The space Hg is usually called the generic part of P and (). Clearly this decomposition
reduces both P and (). Note that in this decomposition,

P=IT®0aI®0& P and Q=100 0a& I & Q.
So that
PQP=1® 0® 0 ®& 0 & PQoP,
P-Q=0®0a & -1 & P—Qo.
and
P+Q=2a0a 1 &I o P+Q,.

Therefore, in order to analyze the spectra of PQP, P — Q) and P + ) we need to focus
on the operators acting in the generic part H,.

Continuing with Halmos’ theory, he proved that there exists a unitary isomorphim
between Hy and a product Hilbert space £ x L, and a positive operator X acting in L,
with || X || < 7/2 and N(X) = {0}, such that the projections Py and @y are carried to

I 0 c? CS
PO_(O o) and QO_(CS S? )
where C' = cos(X) and S = sin(X).
Note in particular that o(X) C [0, 7/2].



Lemma 3.4. Let Py and Qg as above and let X\ # 0. Then

1.
A€ o(PyQoPy) = +VI— X € a(Py— Qo).

A€ 0(PyQuPy) <= 1+£A\Y2 € o(Py+ Qo).

Proof. 1. We can reason with the operators in £ x £. Then
C? 0
POQOPO — ( 0 0 ) )
and thus o(PyQoFy) = {cos?(t) : t € o(X)} U {0}. Also

sz —CS S 0 S —C
PO_QO_(—CS —52 )_(o S)(—C —S)’
where the last two matrices commute (we have used that C' and S commute). Note that
the second matrix is a symmetry:

s ¢\ _(s ¢\ . (58 —C /T o0
-¢ =S ) \-C -5 -¢ =S ) \o0 1)
It is well known that if a, b are elements of a C*-algebra such that ab = ba, then o(ab) C

AMt: A€ o(a),u € o(b)}. Therefore, since o s ¢ ={—1;1}, we have that
-C =S

o(Py — Qo) C{:E)\:)\EU(g g)}:{j:sin(t):tEJ(X)}.

Conversely, suppose that Py — Qg — A1 is invertible. Since
S —-C S 0 S —C
Fo= Qo= Al= < —C¢ -8 ){< 0 S>_)‘< —C¢ -$ )}’

this means that < g g ) —-A < _SC, :g ) is invertible. Thus the square of this oper-

S0 S —C\ 5 0
(0 s) (% %) (0 )

is positive and invertible. Therefore the diagonal entries are positive and invertible, i.e.,
S?% £+ 2)\S + NI = (S & AI)? is invertible. That is, A # +sin(¢) for t € o(X).
2. The proof is similar. Note that

r+¢® ¢S\ (10 2 cs
P°+Q°—< cs 52)_<O 1)*(05 —02)
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and that

S
—-C

The right hand matrices commute, and the matrix is also a symmetry. Thus,

c* Ccs\ _[(C 0 c S
cs -c*) o0 C S —-C
C
S
with the same argument as above, we have that

o (( g; _CgQ )) C {£cos(t) : t € (X))}

Also note that

(65 G)2(01)=(5 LU0 &) (S %)

This product is invertible if and only if the right hand factor is invertible, which implies
that its square is positive and invertible, and therefore the diagonal entries of this square
are invertible, i.e. (C & AI)? are invertible. Therefore

a(P0+Q0):a<<é ?)+ ( g; o )) — {1+ cos(t) : 1 € (X))},

4 Projections onto the eigenspaces of C,

Recall from [1] the formulas for the orthogonal projections onto the range and the null
space of an oblique projection Q:

Prigy=Q(Q+ Q" —1I)™" and Py = -Q)(I -Q—-Q")™".

For the oblique projection %(I — C,), whose range and nullspace are, respectively, the
(non orthogonal) eigenspaces N(C, — I) and N(C, + I), we have:

Py, =T +Co)(Ca+Cy)™ and Pn(o,n) = (Ca = I)(Ca+ C;) 7 (8)
Denote by
A, = PN(CFI)PN(CGH)PN(CFI)-

We shall compute the norm || Py(c, -1 Prc.+nll = [[Adl|*/? below, and further study the
spectrum of A,.
The following result will be useful:

Theorem 4.1. Let a € D. Then
2 — 2|al?
o(Pn(c,—1) + Pn(co+1) = [W7 1+ |al].

Moreover, none of these spectral values are eigenvalues.
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Proof. 1t follows from (8) that
Prnca—1) + Pn(cosn) = 2C(Co + C2) 7

Note that the inverse of the element C,(C, + C*)~! is (using (5))

(Cot+CHC,=1+CCo =T+ (1—a)T_ .

[1—az|2 )
The spectrum of T__1__ is the image of its symbol [8]:
[1—az|
1 1
T _ , .
) = e =
Then Ll 14
—|a + |a
I+CiC,)™ ) = ,
and therefore
2 — 2|al?
o(Pn(c,-1 + Pn(c.+1) = [2—7|a|2’ 1+ |al].
An eigenvalue of Py(c,—r) + Pn(c,+r) would yield an eigenvalue of T‘ L O
1—-az
In particular, we have that ||Pn,-1) + Pnc.+nll = 1 + |a|. We can compute the

norm of A,:

Proposition 4.2. The operator A, has no (non nil) eigenvalues in H?. Moreover.
1Al = |af.

Proof. Let A # 0 be an eigenvalue of A,: A,f = Af, for ||f|]] = 1. Since clearly
|A.ll <1, it must be |A\| < 1. Note that A,f = f would imply (see Remark 3.2) that
feNC,—I)NN(C,+1I)={0}. Thus A < 1.

Since f € R(Pnc,-n);

PN(CQ—I)P]#(CGH)PN(ca—f)f = (Pn(co-1) — Prnca-nPnco+nPrnca—n)f

= (I = Pnc.-nPrcornPrcan)f = 1= A)f.

Then using Lemma 3.1 with P = Py,—n and Q = Pﬁ(cﬁj), we get that + (1 — (1 — \)?)
are eigenvalues of

1/2

P—Q"=Pyec,-1 — PJ#(CGH) = Pnco-n + IPnicosn — 1.

But it was shown in Theorem 4.1 that Py(c,—1 + Pn(c.+r) has no eigenvalues.

From Theorem 4.1 we know also that o(Py(c,—1)+ Pn(ca+1)) = [%, 1+1al]. There-
fore, || Pn(c,—1 + Pnco.+nll = 1+]al. In [9] J. Duncan and P.J. Taylor proved that if P, Q
are non nil projections, then

1P+ QI =1+[PQ.
Then ||Pyc,-nPrc.+nll = lal. m



We can determine the spectrum of A, (in particular, obtain another proof of ||A,|| =
la|?). We shall use Theorem 3.4. Therefore, it will be useful to compute the position of
N(C, —1I) and N(C, + I). First note that since these subspaces are complementary,

N(C, — I) A N(C, + 1) = {0}

and

N(Co = I)* N N(Co + 1)" = (N(Cy — I) + N(C, +I))* = {0}.
In [2] it was shown (Prop. 6.1) that
dim N(C, — )N N(C, +I)* =1 but N(C, —I)*NN(C, +I) = {0}. 9)

Therefore in Halmos decomposition of H? in terms of N(C, — I) and N(C, + I) we have
only two non trivial subspaces:

N(Cy, — )N N(Cy+ 1)@ Hy

Denote A, = 0@ AL, where A? is the reduction of A, to Hy. Clearly o(A,) = o(AY)U
{0}.
Proposition 4.3. o(A,) = [0, ]al?].
Proof. Due to the observation above, we have to compute the spectrum of the reduction
A Denote by Py, Qg the reductions of Pnc,—r) and Pn(c,+1) to Ho. The spectrum of
Py + Qg is obtained from

o(Pnc.-1) + Pnico+n) = {1} Ua(FPo + Qo).

—2lal?
Since o(Pn(c,—1) + Pn(cat1) = [22,2‘|a|‘2 ,1+al], and

22097 1, we have that al
7 a]? < 1, we have that also

2 — 2|al?

Recall from Theorem 3.4 that p € o(FPy + Qo) if and only if X = (1 — 1)* € o(FPoQoF).
Then the spectrum of A? is the image of the function f(u) = (1 — 1)? in the interval

[2*2|a\2 1+ |CLH7 i-e'7 [07 |a‘2]' )

2—|al??

It is known (and elementary to verify) that
N(Co —I)NN(Ca+ 1)t = N(Pyncu—1) — Pyasny — 1)

and
N(Co = I)* N N(Cy + 1) = N(Pyc,-1 — Pricorn +1).

Then using again the intersections computed in (9), we have that
Proposition 4.4. ||Pyc,-1 — Pyc.+nll = 1.
PTOOf. Iff € N(CQ—I)ON(Ca—l—[)l Wlth Hf” = 1, then (PN(CQ—I) _PN(Ca—f—I))f = f ]
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5 The C*-algebra generated by C,.

The C*-algebra C*(C,) generated by C, coincides with the C*-algebra generated by the
projections Py (c,—r) and Py(c,+1)- Therefore, by the results of G.K. Pedesersen [11] it is
completely characterized by the spectrum of A, (see for instance the excellent survey [3]

on which we will base our exposition). Following the notation in [3], given the subspaces
L=N(C,—1I)and N = N(C, + I), in order to characterize C* we need the subspaces

Mo =LNON, Moy =LNNL, Moy =LNN, My = LN,

and Hy the orthogonal complement of the sum of the former four. We already noticed
that Mgy = M1 = My = {0} and dim My, = 1. Again using Halmos’ theory [10],
we have that Hy ~ J x J and there exists a positive operator X € B(J), X < 7/2,
N(X) = {0}, such that the isomorphism that carries H, onto J x J maps the projections
Py = Pn(c,-1) and Py = Py(c,+r1) onto

I 0 c* CS
PN(CQ—I)Z < 0 O) and PN(Ca—f—I): < cS 52 )7

where C' = cos(X) and S = sin(X). Then C*(C,) can be described in terms of H =
sin(X)?, or more precisely, in terms of the spectrum of H. Since o(A,) = [0,]al], i.e.,
o(X) = [arccos(|a]), 7/2]. Tt follows that o(H) = [1—]al?, 1]. Then according to Theorem
4.1 in [3], we have that

Theorem 5.1. Let a € D, a # 0. Then C} is x-isomorphic to

Joo(H)  for(H) . - _lal? — _ _
(o (D Tl )y e €y € Ol 1) (D) = a (1) = Fuof1) =0}

With this description, it is clear that

Corollary 5.2. Let a,b € D\ {0}. Then C*(C,) ~ C*(C}).

6 Relationship between C, and [',

Since ¢, is also a homeomorphism in T, it induces a composition operator I', in L?(T).
This operator is also reflection, and is easier to handle. For instance, its adjoint is easier
to compute.

Clearly T'y|y2 = C,. Moreover, Py(r,—p) leaves H? invariant. Indeed, if f € H? and
f=/fi+f with fy e NO,—1I)and f_ € N([y +I), then T'yf = f, — f_ € H?. Then
f+T.f=2f, € H? ie., fy,f- € H? Then

Pyewo-nlgz = Pnco—1) and Py, 1) g2 = Prcatn)- (10)
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Denote by P, the orthogonal projection of L?(T) onto H?, and by H_ := L*(T) & H>.
The fact that I';| ;. = Cy, means P,I', P, =T, Py = C,. On the other hand, by a change
of variables argument it is easy to see that

=1~ |a> )M _1 T,=(1~|a> )M_1 - T,

\l—az\Q 1-az z—a

If f,g € H?,
(Iaf,9) = (f.Tag) = {f,Cag) = (Caf. 9),
ie., P.I P, = C:. Let us see how I'# acts on H? (i.e., let us compute PLT:P,).

Lemma 6.1. Leth € H2, a € D, a # 0, and denote by hg = h—h(0). Then ™ “Oa(z)) € H?
and

Do = (1 — Joff)——10l2elZD) g gy 1),

@ l—az z-—a

Moreover,
1 a
— + )
l—az z-—a

(1) =

a

where the first summand lies in H* and the second in H_.

Proof. If h = ho + h(0), then

Toh =Thho + h(O)T5(1) = (1 — |a*)M__ __ho(pa(2)) + h(0)T5(1).

1—az z—a

Note that ho(pq(a)) = ho(0) = 0, and thus ho(%( ) ¢ H2. On the other hand, if n > 0,

) = e = ((12) = (22 ) -

1—az 1—az

ie. (I'*(1),z") = a", for n > 0, and thus (for z € T)

a

For m < 0,

(T ().7) = (1, (1“_‘;)m> -/ (f’_‘;)mdz: -/ (‘f:iﬁ)md

- [(£52) @t —am

2r Jp \1—az
Then /
. . ay\—m a/z a
PHI(1) =) a2 =Z(;> Ta-alz z-a
m<0 m<0
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In other words, P{T% Py is the rank one operator

PIT,PLf = ——(f,1). (11)

Therefore, to complete the 2 x 2 matrix of T', in terms of the decomposition L*(T) =
H? @ H_ it remains to compute le"an. Denote by V' the symmetry of L?(T) given by

Vf(z) = f(2).

Clearly V* =V~ =V and V maps H_ onto H*> & (1). Also it is clear that if g € H_,
then
Pa(g) = VC&Vg

Indeed, if g = Y7, axz™", then

In particular, note that I';ho € H_ @ (1). For g € H_, the component of I';h in (1) is
(accordingly)
<Fag7 1) = <VCELVh7 1> = <C@ngl> = <C@Vg7 1)7

recall that for f € H?, (Cyf,1) = f(b), the quantity above equals

).

z

Vg(a) = (Vg,ka) = (g, Vka) = (g,

z—a
Then, we have

Theorem 6.2. The 2 x 2 matriz of Ty in terms of the decomposition L*(T) = H*> & H_
18

Ca (751
0 VGV —( ,7%)1
Proof. The adjoint of ( ,1)-%is { ,-%)L. O

7 Two symmetries

We shall consider two symmetries (i.e., selfadjoint unitaries) which are closely related to
C,. The first one comes from the polar decomposition of C\:

Co = palCal = palCLC)2, Lo, pa= CalCLC) V2.
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In [4] it was shown that the unitary part in the polar decomposition of a reflection is in
fact a symmetry. Thus, pf = p,'. Note then that CF = |C,|p, and thus

PaCapa = Cj. (12)

The second symmetry can be found in the book [6] of C. Cowen and B. McCluer (Exercise
2.1.9): W, : H* — H?

1—- |a’|2MkaCafa (13)
where k,(z) = == is the Szego kernel, i.c.,
1—|al?
Waf () = LW o),

Cowen and McCluer mention that W, is isometric for all p norms, it is easy to see that
W2 = I. Denote by f, the H* function

fo = T YaZ (14)

Note that f, = Ztea Then
Proposition 7.1. Let a € D, and w, the fized point of ¢, inside D. Then
We, CaWe, = T4,Co = CyThyy, -
Proof. By direct computation:
Wara CaWa f(2) = V1 = |waWe, Co (f (00, (2)) e (2))
= V1 = wa*We, (f (0 (0a(2))) ki, (@a(2))) -

Recall from (2) that ¢, o ¢, = —¢,,. Thus, the above expression equals

(1= |wal*).f (= s (P (2))) b (2) by (Pa (P, (2))) = (1= |wal*) (= 2) b, (2) i, (Pa( 0, (2)))

Note that ¢, © g, = —p., and @, o @, (2) = z imply that @, o v, 0 @, (z) = —z, and
thus
¥a © Puu(2) = Pua(=2).

Then 1 1+ @,z
Ko (Pa(Pu,(2))) = ( ) 1= |wal?

o wWa+2
1 Wq 14+-@az

Therefore
Wea CaWoo [ (2) = f(=2)kw, (2)(1 + Wa2) = fa(2) f(=2) = T}, Cof(2).
The facts that (W,,C,W,,,)? = I, and that f, is invertible in H*° imply that
TfaC() - (TfaC())il == C(]Tf;l = COTl/fa-
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Remark 7.2. Since f,,1/f, € H*®, we could write My, , My, instead of Ty,,Ty/s,. Also
note that
W, CoWe, = (W, CaWL,,)" = (T1,Co)" = CoT7,.

Wa ~a

And similarly,
Weo CaWe, = (CoThyyp,)* = Tyy5,Co.

In Lemma 4.1 of [2] it was shown that the (unitary) product W,p, commutes with
C*C, (and thus also with its inverse C,C%). As a consequence we obtain the following:

Proposition 7.3. With the current notations we have that
WapaCa = Ca<Wapa)*7 WapaC:: = C::(Wapa)*u

and
c:c,w, = Wa(C;Ca)*l.

Proof. Since W, p, commutes with C*C,, it also commutes with its square root |C,| (and
therefore also p,W, = (Wyp,)* commutes with |C,|). Then

WapaCa = Wapapa|Col = Wa|Cao| = pa(paWa)|Cal = pa|CalpaWa = CapaWe.
Thus, aking adjoints,
CapaWa = WapaCa)™ = (CapaWa)™ = WapaCy.
Finally, using that p, inertwines C, with C,
CoCaWapa = WapaC;;Coy = WoCopaCo = WoCoC pa,
and thus C*C,W, = W,C,C* = W, (C*C,)~ . O

8 The relationship with 7,

Since ¢, is an inner function, the Toeplitz operator T;,, is an isometry. It is easy to see
that it has co-rank 1. Below we compute the orthogonal projection T, T =T, T5, .
We shall use the following computation:

Lemma 8.1. Let f € H? and b € D. Then

Pl = L2104 pa

©b

Proof. Note that f /¢, = %{@ + %, where the first summand belongs to H?. Also note

that -~ € H_, and thus

PL(F®)/a) = 1P = ro) P S ) = e

14



Therefore, I —1T,,, Ty, 1s the orthogonal projection onto the line generated by k,,:
using Lemma 8.1

f - .f Wq _ _
Ty Tood = Tt Pe(F ) = o (T2 4 ) = £ = S + Gt ()
= [+ {f, kuw,) (1 — Gatpu,)-
Note that 1 — w,p,, = 1{_‘;3';, and thus the computation above equals

= (f ko) (1 = |wa|2)kwa =f—(f,(1— |wa|2)1/2kwa>(1 - |wa|2)1/zkwa = f = {f,Ya)a,

where ¥, = (1 — |w,|?)"/?k,,, is the normalization of k,, .
Note the folllowing facts:

Proposition 8.2. Let a € D. The Toeplitz operator T, satisfies that
T@wa Ca + CaT‘pWa = O

and
T,., Cr+ C1,.,. = 2w ( ke, .

Proof. The first assertion is a direct computation:

T4, Cof = Pr (Qunf(#0) = Puaf (a),
whereas
CT,,, [ = Ca(Puaf) = Pua(@a) f(0a),

and the assertion follows recalling from (2) that ¢, © v, = —@u,-
With respect to the second assertion, using Lemma 8.1

F(#a) = Flwa)

Wa

T1/gu,Caf = P (1/ 00, f(0a)) = + Baf (wa)-

On the other hand, similarly as above

CuT?,. f = CuPy (1) 0, f) = Ca (M

a

Since C,(1) = 1 and again using (2), we get
f(¥a) = flwa)

Typ,,Cof = — + Do f (Wa)-
Therefore
(15, Ca + CT3, ) f = 200 f(Wa) = 20a(f, Ku,) 1,
ie.,
15, Co+ G5, = 204 ( k)1,
and thus

T, Co+CT,, =2w. ,1)k,,.
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Remark 8.3. It follows form the previous lemma that Tjwa = T,z commutes with C.
Whereas

T2, Co=T,,, (=CiT,,, +2wa(  Dky,) = CiT2  +3we{( )Ty, K, —( T, 1)k, }

Note that T, kv, = g5z and T7 1 = @, (constant function). In particular Tjwa

commutes with ' modulo a rank two operator.

Remark 8.4. Another consequence of the above lemma is that the isomery T, inter-
twines C, with —C,:

T;. CTp, [ =T, (—0uf(#a)) = =Py (1/0w,) P f (¢a) = = f($a),
ie., I% C.T,, = —C..

Denote A the operator A := W,, C,W,,, = Ty,Cy = CyT1/y, from the previous section.
In [2] Lemma 4.1 (or perform the elementary computation) it was shown that for b € D

WyT,,Wy =S =T.. (15)
We can combine this with Proposition 8.2 to obtain

Corollary 8.5. With the current notations, we have that

SA+AS=0
and
SA* + A*S = 2w, ( ,k,,)1.
Proof.
0 =W, (Ty,,Ca+ CaTy,,,) Way = W, T, Wy Wer, CaWey, + W, CaWo, (W, T, W,
=SA+ AS.
Similarly

SA* + A*S = W, 2wa( , 1ky,) W, = 2wa( , W, )W, ke,
The proof follows noting that W, 1 = /1 — |wa|*T},, Cu,1 = /1 — |w,|?ks, and thus

1 =W, W, 1=W,, (V1 —|wal?ke,) = V1 — |wa|*We, k.,

- _ 1
ie., W, ko, = ml. O

Note that the second assertion of the above corollary is equivalent to

S*A+ AS* =20w,(( ko)1) =2w,( ,1)k,,. (16)

Then, using the again this first assertion,
SS*A+ SAS*=855"A — ASS* = 2w,( ,1)Sk,,.
Since SS* =1 —( ,1)1, we get that
AC D1 —( ,D1IA=( 1)A1l —( A1)l =2w,( ,1)Sk,,.
Since Al = T},Cyl = f,, we obtain
(o fa)l=( 1) fa=2wa( ,1)Ske,. (17)
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