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ON SYMMETRIC FUNCTIONS AND SYMMETRIC OPERATORS
ON BANACH SPACES

KALLOL PAUL, DEBMALYA SAIN AND SHAMIM SOHEL

ABSTRACT. We study left symmetric and right symmetric elements in the space
Lo (K, X) of bounded functions from a non-empty set K to a Banach space X. We
prove that a non-zero element f € ¢ (K, X) is left symmetric if and only if f is zero
except for an element kg € K and f(ko) is left symmetric in X. We characterize left
symmetric elements in the space Co(K,X), where K is a locally compact perfectly
normal space. We also study the right symmetric elements in £ (K, X). Furthermore,
we characterize right symmetric elements in Cy(K,X), where K is a locally compact
Hausdorff space and X is real Banach space. As an application of the results obtained
in this article, we characterize the left symmetric and right symmetric operators on
some special Banach spaces. These results improve and generalize the existing ones
on the study of left and right symmetric elements in operator spaces.

1. INTRODUCTION

In the realm of Banach space geometry, the concept of symmetric points plays an
important role. Unlike Hilbert spaces, the Birkhoff-James orthogonality is not sym-
metric in general Banach spaces. In view of this, two new notions of left symmetric
points and right symmetric points have been introduced [I4]. Several mathematicians
have studied the symmetric points and their applications in the isometric theory of
Banach spaces in [3] 6, 12} [14} 19, 20] to gain insights into the geometric aspects of the
concerned spaces, including the study of onto isometries. In this article, we study the
symmetric points in /. (K, X), the space of all bounded functions from K to X and
C(K,X), the space of all continuous functions from K to X, where X is a Banach space
and K is a non-empty set.

We use the symbols XY to denote Banach spaces over the field K, where K is
either the complex field C or the real field R. Let Bx = {z € X : |z]| < 1} and
Sx = {z € X : ||z|| = 1} denote the unit ball and the unit sphere of X, respectively.
The dual space of X is denoted by X*. Let L(X,Y) (K(X,Y)) denote the Banach space
of all bounded (compact) linear operators from X to Y. The convex hull of a non-empty
set S C X is the intersection of all convex sets in X containing S and it is denoted by
co(S). For a non-empty convex set A, an element z € A is said to be an extreme point of
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A if the equality z = (1 —t)z +ty, with £ € (0,1) and =,y € A, implies that x =y = z.
The set of all extreme points of A is denoted by Ext(A). A Banach space is said to be
strictly convex if every point of Sx is an extreme point of Bx. For T' € L(X,Y), the
norm attainment set of T, denoted by My, is defined as My = {x € Sx : | Tz| = ||T||}
Given any non-zero x € X, f € Sk~ is said to be a support functional at z if f(x) = ||z||.
Let J(z) := {f € Sx- : f(z) = ||z||}. Given a subset M of X*, " denotes the closure
of M with respect to the weak*- topology defined on X*.

Let us now recall from [I, 5] that an element x € X is said to be Birkhoff-James
orthogonal to y € X if ||z + Ay|| > ||z, for all A € K. Symbolically, it is written as
x L y. For real Banach spaces, this orthogonality relation is dissected in two parts as
xt and 27, in [15]. Given z,y € X, we say that y € ™ if ||x+ \y|| > ||=||, for any A > 0
and y € ™ if ||z + Ay|| > ||z, for any A < 0. For any x,y € X, it is easy to verify that
either y € 2™ or y € 7. Approximate versions of these concepts have been introduced
n [18], for further analyzing the geometry of Banach spaces as follows : For z,y € X
and € € [0,1), we say that y € 2% if || + \y|| > V1 —€||z|,YA > 0 and y € x€ if
|z + Ay|| > V1 —€?z]|, VA < 0.

It is clear that in general, Birkhoff-James orthogonality is not symmetric. In this
context the notions of left and right symmetric points were introduced in [14]:

Definition 1.1. An element x € X is said to be a left symmetric point if x 1g y
implies that y L x for all y € X. Similarly, a point x € X is said to be a right
symmetric point if y | g x implies that = L g y for all y € X. An element x € X is said
to be a symmetric point if x is both left symmetric and right symmetric.

While complete characterizations have been obtained for left symmetric points [19]
Th. 2.1] and right symmetric points [19, Th. 2.2] in real Banach spaces, explicitly
determining these points still remains a challenging task in the space of bounded (con-
tinuous) functions. Of course, this difficulty is further elevated in the complex case.
This article aims to address this problem by determining the explicit forms of left
(right) symmetric elements in the bounded (continuous) function spaces.

For a non-empty set K and a Banach space X, the Banach space of all bounded
functions defined from K to X, endowed with the supremum norm, is denoted by
U (K, X). Given a compact Hausdorff topological space K and a Banach space X,
we write C(K,X) to denote the Banach space of all bounded continuous functions
from K to X, endowed with the supremum norm. Clearly, C (K, X) is embedded into
loo(K,X). Whenever K is finite, it follows trivially that (o (K,X) = C (K, X). For the
sake of simplicity, if K is a finite set and |K| = n, then £, (K, X) is denoted as (7 (X).
Given a locally compact Hausdorff space K and a Banach space X, the space Cy(K, X)
is the space of all bounded continuous function f having the property that for any
e > 0, there exists a compact set I' C K such that ||f(k)|| <€, for any k£ € K\ I'. So,
whenever K is compact, Cy(K,X) = C(K,X). For a function f € Cy(K, X), the norm
attainment set of f, denoted by My, is defined as My = {k € K : [[f(k)| = ||fI}-
Whenever X = R or C, we use the standard notations C'(K) and C(Kj) in place of
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C(K,X) and Cy(K,X), respectively.

This article is divided into three sections including the introductory one. In the fol-
lowing preliminary section we study some basic results on Birkhoff-James orthogonality
in the function spaces. The main results of this article are further divided into two
sections. In Section-I, we study the symmetric points in the spaces (. (K, X), C(K, X),
and Cy(K,X). We characterize the left symmetric points in the space (o (K, X) and
provide a necessary condition for right symmetric points. We also obtain a complete
characterization of left symmetric functions in the space Cy( K, X), under the condition
that K is locally compact and perfectly normal. Moreover, we characterize the right
symmetric points in C'(K,X), under the assumption that K is a compact Hausdorff
space. As an application of our study, we provide a necessary condition for onto linear
isometries in the space (2 (X). In Section-II, we study the symmetric points in the space
of bounded linear operators. Using the results obtained in Section-I, we characterize
the symmetric points for the spaces K(X, C(K)). We also present refinements of some
known results on symmetric points in the spaces L(¢7},X) and L(X, /).

2. PRELIMINARIES

The following characterizations of Birkhoff-James orthogonality and relevant results
in terms of support functionals will be used in many places in this article.

Theorem 2.1. [5] Let X be a Banach space and let x,y € X. Then x Lg y if and only
if there exists f € X* such that f(x) = || f||||lz]| and f(y) = 0.

Lemma 2.2. [I1, Lemma. 7.3.2] Let X be a real Banach space and x,u € X. Then the
following holds true:

(i) w e ™\ ™ if and only if f(u) >0, Vf € J(x).

(i) w e = \ at if and only if f(u) <0, Vf € J(z).

In [9], Birkhoff-James orthogonality has been studied in the space (- (K, X) and
C(K,X), for some non-empty set K and a Banach space X. In order to describe the
symmetric points in these spaces, we need the following characterizations of Birkhoff-
James orthogonality that follow directly from [9, Th. 3.2, Th. 3.5].

Theorem 2.3. [9, Th 3.2] Let K be a non-empty set and let X be a Banach space.

Suppose C' C Sx+ be such that By« = co(C)w*. Then for f,g € lo(K,X), f Lp g if
and only if

0e€ co<{ limy! (g(ky)) : kn € K,y; € C,¥n € N/ limy(f(k,)) = ||f]|})

Corollary 2.4. [9, Th 3.5] Let K be a compact Hausdorff space and let X be a Banach

space. Suppose let C' C Sx« be such that By = co(C)w*. Then for f,g € C(K,X),
f Lp g if and only if

oeco {yrtan s e Ky e cortan =111} )
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Observe that By« being weak™-compact and convex, it follows from the Krein-Milman
Theorem that Bx- = co(Ext(Bx-)) . Thus, both Theorem and Corollary 24 re-
main valid if we take C' = Ext(Bx-).

In the same spirit, we study orthogonality in the space Cy(K,X), when K is locally
compact Hausdorff. For this purpose, we require the following observations.

Proposition 2.5. Let K be a locally compact Hausdorff space and let X be a Banach
space. Then for any f € Sc,(xx), My is non-empty and compact.

Proof. Let € = 1. Suppose that I' C K is a compact set such that || f(k)|| < e, Vk €
K\ T. Clearly,

11l = sup |Lf(k)|| = sup [|.f(K)]].
keK kel

As T' is compact, there exists k' € I' such that || f(k")|| = supger [|f (k)| = || f||. Hence
k' € My and M; is non-empty. Let k, be a net in My. Clearly, {k,} C I'. As I' is
compact, there exists a subnet {k,, } of {k,} such that k,, — ko € I". To prove that
My is compact, it suffices to show that kg € M. Since f is continuous, it follows that

f(kay) = f(Ko) and |[f(kay)l| = [[f(Ro)ll. As {ka,} € M, we obtain that || f(ko)| =
L. 0

Theorem 2.6. Let K be a locally compact Hausdorff space and let X be a Banach
space. Suppose f,g € Co(K,X). Then f Lp g if and only if

0e co {y(oth) sk € Ky € BBy (G0 = 1711} ).
Proof. From Proposition 23] for any f € Cy(K,X), My is non-empty and compact.

Now the proof of this theorem follows in the same line of the proof of [9, Th. 3.5]. O

For a real Banach space X, the following result can be deduced easily by applying
Corollary 241

Corollary 2.7. Let K be a compact Hausdorff space and X be a real Banach space.
Let f,g € C(K,X). Then f Lp ¢ if and only if there exists ki, ks € My such that

g(k1) € f(k1)* and g(ko) € f(ka)™.

We end this section with the following important property of a locally compact
Hausdorff space which will be used later on.

Theorem 2.8. [I3| Th. 2.7] Suppose U is open in a locally compact Hausdorff space
K, S c U and S is compact. Then there is an open set V with compact closure V such
that SCV CcV CU.

3. MAIN RESULTS.
SECTION-I

We begin with the characterization of left symmetric elements in the space ¢, (K, X).
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Theorem 3.1. Let K be any non-empty set and let X be a Banach space. Then
[ € Sixx) is left symmetric if and only if f satisfies the following:

() there exists a ko € K such that f(ko) € Sx and f(k) = 0,Yko # k € K.

(ii) f(ko) s left symmetric.

Proof. To prove the sufficient part, let us assume that f € S, _(xx) and f Lp g. We
prove that g L f. Let {k,} C K such that lim || g(k,)| = ||g||. Consider the following
two cases:

Case 1: Let k, # ko, for all but finitely many n € N. Consider vy’ € Ext(Bx:) such
that lim y(g(k,)) = ||g]|. Since f(k,) = 0, for all but finitely many n € N, we obtain
that

0 € co({limy:(f(ky)): k, € K,y € Ext(Bx~),Vn € N, limy (g(k,)) = ||g]|})-

Now using Theorem 2.3] we obtain that g 1 f.

Case 2: Suppose that the sequence {k,} has a subsequence {k, } such that k, =
ko,¥r € N. Then ||g|| = ||g(ko)||- As f L g and f(k) = 0,Vk € K \ {ko}, so for any
scalar A,

sup{|[[f (ko) + Ag(ko)ll, IAIIIg(k‘)II ke K\ {kot} = [If + Agll = [If]] = [[f (ko)l| =

Let [\ < then |[|[g(k)|| < 3. So, whenever || <

2|| I 2||g|| ’

||f(k0) + Ag(ko)|| = | f(ko)l|-

From the convexity of the norm, it is easy to observe that for any scalar A, || f(ko) +
Ag(ko)[| = [f (ko). So, f(ko) Lr g(ko). Since f(ko) is left symmetric, g(ko) Lp f (ko).
Observe that for any scalar A,

lg + AfIl = Mlg(Ro) + Af (ko)ll = [lg(Ro) | = llgll;

which is equivalent to g L g f. Thus, f is left symmetric.

To prove the necessary part, we first show that f satisfies (i). Suppose on the contrary
that there exist kq, ko € K such that f(k1) # 0 # f(ks), where ky # ko. We choose
{knbnen C K such that lim || f(ky)[| = || f]|. Define g : K — X such that g(k1) = 5,
and g(k) = 0, for any k € K \ {ki}. Clearly, ||g|| = 1. Then for any y} € Ext(Bx-~)

with limy (f(k»)) = || ]|, we obtain that y%(g(k,)) = 0,¥n > 1. Therefore,
0 € co{limy:(g(kn)) : kn € K,y € Ext(Bx-),¥n € N,limy. (f(k.)) = || f]|})-

So, using Theorem 2.3 we obtain that f lp g. Next we show that g fp f. Let
{kl} € K and {y:} C Ext(Bx:) such that limy*(g(k,)) = 1, Vn € N. Note that

g(k1) € Sx and g(k) = 0,Vk # ky. As limy}(g (k:’)) = 1, without loss of generality
we assume that k), = k1,Vn € N. As g(ky) = ||fE 7> 1t follows that lim yi(g(ky)) = 1.
Thus, limy; (f (k1)) = [[f (k)] # 0. So,

0 & co({limy, (f(k1)) : y, € Ext(Bx-),limy,(g(k1)) = 1}),

which implies that ¢ fp f. This contradicts that f is left symmetric. Therefore, f
satisfies (i).
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Next we show that (ii) holds. Suppose on the contrary that f(kg) is not left sym-
metric. Then there exists wy € Sx such that f(ko) Lp we and wy Lp f(ko). So, there
exists A\g € K such that ||wo+ o f(ko)|| < [|wol|. Define g : K — X such that g(ko) = wo
and g(k) = 0, for any k € K \ {ko}. Clearly, ||g|| = 1. As f satisfies (i), it follows that
for any scalar A,

1f + Agll = 11f (ko) + Ag(ko)ll = [[f (ko) + Awoll = [ (ko) I
So, f Lp g. We note that f(k) =0 V(kg #)k € K and moreover,

g + Xofll = llg(ko) + Ao f (o)l = llwo + Xof (ko)|| < [lwoll =1 = |gl],

which implies that g /g f. This contradicts the fact that f is left symmetric. Thus
f (ko) is left symmetric.
O

As an immediate corollary of the above theorem we obtain the following observation.

Corollary 3.2. Let K be a Hausdorff topological space and X be a Banach space.
Then there is a non-zero left symmetric continuous function in ¢, (K, X) if and only if
K contains an isolated point and X contains a non-zero left symmetric point.

Proof. Let f be a non-zero left symmetric continuous function in /., (K, X). Without
loss of generality assume that || f|| = 1. From Theorem B.1], there exists ky € K and a
left symmetric point w € Sx of X such that f(ky) = w and f(k) = 0,Vk € K \ {ko}.
Let U = {u € X: |[u—wl| < 3}. Clearly, U is open in X. As f is continuous, f~(U)
is open. Observe that f~*(U) = {ko}. Therefore, kg is an isolated point.

Conversely, let w € Sx be a left symmetric point of X and let ky be an isolated point
of K. Define f : K — X such that f(ko) = w and f(k) = 0,VK \ {ko}. Clearly f is
continuous and it follows from Theorem B.1] that f is left symmetric. 0J

As the space Cy(K, X) is a subspace of £, (K, X), if a continuous function f satisfies
the sufficient condition of Theorem B.Il then f is also left symmetric in Cy(K, X). In
the next theorem, we show that the necessary part also holds true for left symmetric
point in Cy(K,X), under the condition that K is perfectly normal. Let us recall that
a topological space K is said to be perfectly normal if K is normal and every closed
set of K is a Gy set.

Theorem 3.3. Let K be a locally compact, perfectly normal space and let X be a Banach
space. Then f € Scy(kx) 1s left symmetric iof and only if [ satisfies the following :

(1) there exists kg € K such that f(ko) € Sx and f(k) =0, Vko # k € K.

(ii) f(ko) s left symmetric.

Proof. Since the sufficient part follows from Theorem [3.1] we prove only the necessary
part.

(i) Suppose on the contrary that there exist ko, k1 € K such that f(ko) # 0 # f(ky).
From Proposition [2.3], it follows that M/ is non-empty. Without loss of generality we
assume that f(ky) € Sx. Let v € Sx be such that v L5 f(k1). As K is locally compact
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and Hausdorff, Theorem [2.§| ensures that there exists an open set U containing k; such
that ko ¢ U and U is a compact set. As K is perfectly normal and {k;}, K \ U are two
disjoint closed sets in K, so by the Urysohn’s lemma (see [8]), there exists a continuous
function h : K — [0,1] such that h='({1}) = {ki} and h~*({0}) = K \ U. Define
g: K —Xas
g(k) = h(k)v, Vk € K.

Clearly, g is continuous. As for any k € K\U, ||g(k)|| = 0, it is clear that g € Cy(K, X).
As = ({1}) = {k1}, "1 ({0}) = K\ U, so we have g(k;) = v, and g(k) = 0, Vk € K\U.
Moreover, ||g|| =1 and M, = {k;}. Now observe that for any scalar A,

If + Agll = :lellgllf(k) + Ag(R)|| = [I.f (ko) + Ag(ko)|l = Ilf (ko) =1 = f1.

Therefore, f Lp g. Also observe that v Lp f(k1). Using Theorem 2] there exists no
y* € J(v) such that y*(f(k1)) = 0. As J(v) is convex, we deduce that

0 ¢ col{y™(f (k1)) -y € J(v)}).

As M, = {k;}, it is now immediate that

0 ¢ co{y™(f(k1)) : y" € Ext(Bx-),y"(g(k1)) = llgll})-

Therefore, using Theorem 2.0] g £ f. This contradicts that f is left symmetric.

(i) Suppose on the contrary that f(ko) is not left symmetric. So, there exists v € Sx
such that f(ko) Lp v but v Lp f(ko). Let U be an open set containing ko such that U
is compact. As K is perfectly normal, there exists a continuous function h : K — [0, 1]
such that h=1({1}) = {k1} and h™*({0}) = K \ U. Define g : K — X such that

g(k) = h(k)v, Vk € K.
Proceeding similarly as in the proof of (i), we get g € Co (K, X) and M, = {ko}, g(ko) =
v. As f(ko) Lp v and g(ko) = v, observe that for any scalar A,
If+Agll = :g}g!lf(k)H\g(k)H > |[f (ko) +Ag(ko)ll = If (ko) +Av[| = | f(ko)ll = 1 = [If]]-

Therefore, f L g. Also observe that v Lp f(ko) and following similar arguments as
in the proof of the first part of the theorem, we obtain that ¢ /g f. This contradicts
the fact that f is left symmetric. O

We next provide a necessary condition for a right symmetric element in the space
(oo (K, X).

Theorem 3.4. Let K be any non-empty set and X be a Banach space. Suppose that
f € Sixx) 15 right symmetric. Then

(i) f(k) € Sx, Vk € K.

(ii) f(k) is right symmetric, Vk € K.

Proof. Let us first prove (i). Suppose on the contrary that there exists k, € K such
that f(ko) ¢ Sx. Take wg € Sx such that wy Lp f(ko). Define g : K — X such that
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g(ko) = wo and g(k) = f(k), Vko # k € K. Clearly, ||g|]| = 1. Now observe that for any
scalar A,

g + AfIl = [lg(ko) + Af(ko)|l = [[wo + Af (ko)l| > [Jwoll =1 = {|g]|.
So, g Lg f. We claim that f [ g, i.e.,
0¢ co({ limy*(g(ky)) : y: € Ext(By+), k, € K,¥n € N, limy* (f(k, ||f||})

Consider k, € K and y € Ext(By+) such that limy(f(k,)) = ||f|| = 1. Then there
are two possibilities for the sequence {k,}: (a) {k,} has a subsequence {k,, } such that
k,, = ko,Vr € N and (b) k, # ko, for all but finitely many n. Case (a) is not possible as
f(ko) ¢ Sxandso, [y; (f(kn.)) = lyy, (f(ko))| < [[f(ko)|l <1, for all r. For Case (b), we
get g(kn) = f(k,), for all but finitely many n and so, limy:(g(k,)) = limy;: (f(k,)) = 1.
This shows that

0 cof { iy (o(6)) 557 € Bat(Beo) b € K € Kot (7G0)) = 171} ).

Thus g Lp f and f [p g, which contradicts that f is right symmetric. Hence f(k) €
Sx, for each k € K.

Let us now prove (ii). Suppose on the contrary that there exists kg € K such that
f (ko) is not right symmetric. Take wy € Sx such that wy Lp f(ko) but f(ko) Lp wo.
Then there exists scalar \g such that || f(ko)+Aowo|| < ||f(ko)|| = 1. Using the convexity
of the norm, it is easy to observe that for any 0 <t < 1, || f(ko)+t owol|| < || f(ko)|| = 1.
Take p = tgAg such that |u| < 1, where 0 < t; < 1. Define g : K — X such that
g(ko) = wo and g(k) = =1 f (k), for any k € K\{ko}. Clearly, ||g|| = 1. Aswo Ly f(ko),
we now observe that for any scalar A,

lg + A1 = [lg(ko) + Af (ko)ll = llwo + Af (Ko)l| = [lwoll =1 = |lg]]-
So, g L f. On the other hand,

I + gl = s L7 + g
~ {||f<k:> )1 (ko) + (ko) < & € K\ {ko}}

= sup {I(1 = [PLF R N f (Ro) + puwo| = & € K\{ko}}
< max{(1—|pf*), 1} =1=|If]I

Therefore, f fp g. This contradicts the fact that f is right symmetric, and completes
the proof. O

As an immediate consequence of Theorem [3.4, we obtain a necessary condition for
a continuous function to be right symmetric in (. (K, X), when K is a connected
Hausdorft space.
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Corollary 3.5. Let K be a connected Hausdorff space and let X be a Banach space
such that the set of all right symmetric points in Sx is finite. Suppose f € Sy (xx)
is continuous and right symmetric in ¢ (K, X). Then there exists a right symmetric
point zy € Sx in X such that f(k) =z, Vk € K.

Following the characterization of left symmetric points and the necessary condition
for right symmetric points obtained in Theorem 3.1l and Theorem B.4], respectively, we
conclude that there is no non-zero symmetric point in £, (K, X), whenever K is not a
singleton set.

Theorem 3.6. Let K be any non-empty set such that |K| > 1 and let X be a Banach
space. Then there is no non-zero symmetric element in (K, X).

The question that naturally arises is whether the conditions mentioned in Theorem
[B.4] are sufficient. In this connection we have the following result assuming the space X
to be a finite-dimensional real Banach space and the set of all right symmetric points
is closed. To prove the result we need the following characterization of Birkhoff-James
orthogonality in /., (K, X), the proof of which is in the same line of [I8, Th. 2.8].

Theorem 3.7. Let X be a Banach space and K be a non-empty set. Let f,g €
loo (K, X). Then g L f if and only if either (i) or (ii) holds:
(i) There exists a sequence {k,} C K such that ||g(k,)|| = llg|| and f(k,) = 0, as
n — oo.
(i) there exists two sequence {k,},{t,} C K and {e,},{dn} C R such that
(a) €, — 0,0, = 0
() llg(&)ll = llgll, lg @)l = gl
(c) f(kn) € g(kn)™ and f(t,) € g(tn)_5n'

We also need the following lemma.

Lemma 3.8. [I9, Th. 2.2] Let X be a real Banach space. Then x € Sx is right
symmetric if and only if given any u € X, the following two conditions hold true:

(i) x € u~ implies that u € z~.

(i) = € u™ implies that u € x™.

Theorem 3.9. Let K be a non-empty set and let X be a finite-dimensional real Banach
space such that the set of all right symmetric points of Sx is closed. Then f € Sy (kx)
1s right symmetric if the following conditions hold:

(i) f(k) € Sx, Vk € K.

(ii) f(k) is right symmetric, Vk € K.

Proof. Let g € S;_(kx) such that g Lp f. Since f(k) € Sx,Vk € K, from Theorem [3.7]
there exist two sequences {k,},{t,} C K and {e¢,},{d,} C R such that

(a) €, — 0,0, = 0

(B) NgCRa)ll = llgll, lg (@)l — gl

(c) f(kn) € g(kn)™ and f(t,) € g(tn)_5n'
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Since X is finite-dimensional, without loss of generality we assume that f(k,) —
21, f(tn) = 22, g(kn) — w1, g(t,) = we. As f satisfies the condition (i), 21, 29 € Sx. As
f(kn) € g(ky)ter, we get

lg(kn) + Af(kn)ll = /1 — € llg(kn)ll, VA = 0.

Taking limit on both sides we get ||wy + Az1|| > |Jw:]|, VA > 0. In other words, z; €
wy. Similarly, from f(t,) € g(t,)~°", we obtain 2, € w;. Since the set of all right
symmetric points of Sx is closed and f(k,), f(t,) are right symmetric, z1, zo are also
right symmetric. Following Lemma we get, wy € 2 and wy € 2.

Now, take y* € J(f(ky)). As X is finite-dimensional, as before without loss of gen-
erality we assume y* — y* € Sx-. As f(k,) — 21, it is straightforward to see that
y*(z1) = 1. In other words, y* € J(z1). As wy € z;, it follows easily that y*(w;) > 0
(see [16, Th. 2.4]). So, limy}(g(k,)) = y*(w1) > 0. Next, we consider 2} € J(f(t,)).
Following similar arguments and using [16, Th. 2.4] we can show that lim 2} (¢(¢,,)) < 0.
Therefore,

0 € co{limy,(g(kn)) : kn, € K,y € Sx«Vn € N, limy, (f(k,)) = 1}).
Using Theorem 2.3, f Lp g. This proves that f is right symmetric. O

Remark 3.10. It is worth mentioning here that the set of right symmetric points is
closed in finite-dimensional real polyhedral Banach spaces. In fact, we are yet to get
an example of a finite-dimensional real Banach space where the set of right symmetric
points is not closed.

We next characterize the right symmetric functions in C'(K,X), where X is a real
Banach space.

Theorem 3.11. Let K be a compact Hausdorff space and let X be a real Banach space.
Then f € Sckx) 1s Tight symmetric if and only if f satisfies the following conditions:

(i) f(k) € Sx, Vk € K.
(ii) f(k) is right symmetric, Vk € K.

Proof. We first prove the sufficient part. Let ¢ L f. From Corollary 2.7, there exist
ki, ke € M, such that f(k) € g(k1)" and f(k2) € g(k2)~. As f(k1), f(k2) both are right
symmetric points, applying Lemma B8, we obtain that g(ki) € f(k1)* and g(ko) €
f(k2)~. Observe that ki, ky € My. Using Corollary 27 we get that f Lp g. Therefore,
f is right symmetric.

Let us now prove the necessary part. First we show that f(k) € Sx, Vk € K. Suppose
on the contrary that there exists ky € K such that || f(ko)|| < 1. Take wy € Sx such
that wy Lp f(ko). From Proposition 23] it follows that M/ is a compact set. Since K is
a compact Hausdorfl space, there exist open sets U and V such that UNV =0, ky € U
and M; C V. Now {ko} and K \ U are two disjoint closed sets and so by the Urysohn’s
lemma [8], there exists a continuous function hy : K — [0, 1] such that hy(ko) = 1 and
hi(k) = 0, Yk ¢ U. Similarly, there exists a continuous function hy : K — [0, 1] such
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that ho(k) =1, Vk € My and ho(k) =0, Vk ¢ V. Define g : K — X as
g(k) = ha(k)wo + hao(k) f(k), Vk € K.

Clearly, g is continuous. Note that g(k) = hy(k)wo, Yk € U, g(k) = hao(k) f(k), Vk € V
and g(k) = 0, Vk € K\ (U U V), which shows that [|g|| = 1. Also, g(ko) = wp and
g(k) = f(k), Vk € My. As wy Lg f(ko), we observe that for any scalar A,

lg + AfIl = llg(ko) + Af (ko)l| = [lwo + Af (ko) || > [lwoll = llg(ko)ll = llgll

So, g Lp f. For any k € My, g(k) = f(k) and so for any k € K,y* € Ext(Bx~) with
y (f (k) = IfIl = 1, we get y*(g(k)) = y"(f(k)) = [ f] = 1. So,

0¢ co{y"(g9(k)) : k € K,y" € Ext(Bx-),y"(f(k)) = 1}).

Therefore, using Corollary [2.4], we conclude that f [ g. This contradicts the fact that
f is right symmetric.

To complete the proof, we only need to show that f satisfies the condition (ii).
Suppose on the contrary that there exists kg € K such that f(kg) is not right symmetric.
Therefore, there exists wy € Sx such that wy L f(ko) but f(ko) Lp wo. Without loss
of generality we assume that wg € f(ko)t. So, wo ¢ f(ko)~. Then there exists a scalar
Ao < 0 such that ||f(ko) + Nowol|| < ||.f(ko)||- Let us now define a function ¢ : X — R
such that for any = € X, ((x) = ||z + Mowo|| — ||z||. Clearly, ¢ is continuous and
C(f(ko)) < 0. Therefore, there exists an open set V' C X containing f(kg) such that
for any v € V, ((v) < 0. So, for any v € V, [[v + Awo| < ||v||, which implies that
wo ¢ v~. Thus, wy € vt and wy ¢ v~, for any v € V. By the continuity of f at ko,
there exists an open set U of K containing kg such that f(U) C V. As before, using the
Urysohn’s Lemma, there exists a continuous map h : K — [0, 1] such that h(ky) = 1
and h(K \ U) = 0. Define g : K — X as

g(k) = (1 — h(k)) f(k) + h(k)wo, VK € K.

Clearly, g is continuous and moreover, ||g(k)|| = ||f(k)|| =1, Vk € K\ U and ||g(k)| <
|1 — h(k)|[|f(B)|| + [h(K)|||wo| <1, VEk € U. So, ||g|| = 1. Since g(kq) = wy, we observe
that for any scalar A € R,

lg + AfIl = llg(ko) + Af (ko) || = [lwo + Af (Ko) |l = [Jwoll = 1 = llg]l

So, g Lp f. Forany k € K\ U and y* € J(f(k)), v*(g(k)) = y*(f(k)) = 1. For any
keU, g(k) e f(k)T and g(k) ¢ f(k)~. This implies that for any & € U and for any
y* € Ext(Bx+) with y*(f(k)) = || f||, we have y*(g(k)) > 0 (by Lemma[2.2]). Therefore,

0 co{y"(g9(k)) : k € K,y" € Ext(Bx-),y"(f(k)) = [|f]]})-

So, using Corollary 24, we get f fp ¢. This contradicts the fact that f is right
symmetric, and establishes the theorem. 0

Corollary 3.12. Let K be a compact Hausdorff space and let X be a real Banach
space such that the set of all right symmetric points in Sx is not connected. Then K
is connected if and only if the following are equivalent:
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(i) f is right symmetric in Se(x x).
(ii) there exists a right symmetric point zy € Sx in X such that f(k) = zo, Vk € K.

Proof. Let K be connected. If f is right symmetric in C(K,X) then it follows from
Theorem B.IT] that for any k € K, f(k) € Sx and f(k) is right symmetric in X. As K
is connected and f is continuous, f(K) C Sx is also connected. Since the set of all
right symmetric points in Sx is not connected, we conclude that f(K) is singleton and
f satisfies the condition (ii). On the other hand, if f satisfies the condition (ii), then
from Theorem [3.11] we infer that f is right symmetric.

For the converse part, suppose on the contrary that K is not connected. Then there
exists two non-empty disjoint open sets U,V such that K = U U V. Let x € Sx be
right symmetric. Define f : K — X such that f(U) = = and f(V) = —z. Clearly, f
is continuous and by virtue of Theorem B.I1l f is right symmetric. Since f does not
satisfy the condition (ii), this completes the proof. O

Remark 3.13. Let K be a compact connected Hausdorff space and let X be a real
Banach space. Suppose that right symmetric points in Sx are finite. Then the number
of right symmetric functions in Sc(xx) are same as the number of right symmetric
points in Sx.

As an immediate consequence of Theorem B.11] we obtain that the right symmetric
points on the unit sphere of C(K) are precisely the extreme points of the unit ball.

Corollary 3.14. Let K be a compact Hausdorff space and let C'(K) be the space
of all real valued continuous functions on K. Let f € S¢k). Then the following are
equivalent:

(i) f is a right symmetric function of C'(K).
(i) f(k)=1,Vke K or f(k)=—1,Vk € K.
(iii) f is an extreme point of Bek).

Next we show that if K is a locally compact normal space which is not compact,
then the space Cy(K,X) has no non-zero right symmetric points.

Theorem 3.15. Let K be a locally compact normal space which is not compact and
let X be a Banach space. Then f € Scykx) is right symmetric if and only if f is the
zero function.

Proof. As the sufficient part follows trivially, we only prove the necessary part. Let
f be right symmetric. Suppose on the contrary that f # 0. As f € Cyo(K,X), there
exists ko € K such that ||f(ko)| = r € (0,1). Take wy € Sx such that wy Lp f(ko).
From Proposition [2.5] it follows that M} is a compact set. Since K is a locally compact
normal space, there exist open sets U and V such that UNV = 0,ky € U, My C V
and U,V both compact (by Theorem 2.8)). As before, by using the Urysohn’s Lemma,
we can find two continuous functions hy, hy : K — [0,1] such that hy(kg) = 1 and
hi(k) =0, Vk ¢ U, and hyo(k) = 1, Vk € My and he(k) =0, Vk ¢ V. Define g : K — X
as
g(k) = hi(k)wo + ha(k) f(k), Yk € K.
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Clearly, g is continuous and for any k € K \ (U UV), [lg(k)|| = 0. So, g € Cy(K, X).
Then proceeding similarly as in the proof of Theorem B.I1I(i), we obtain that g L g f
and f Y g. This contradicts the fact that f is right symmetric. Thus f = 0. O

As a consequence of Theorem B.3] and Theorem B.15], we derive the following results.

Corollary 3.16. Let K be a locally compact, perfectly normal space such that K is
not compact and K has no isolated point. Then the space Cy(K,X) has no non-zero
left symmetric points and no non-zero right symmetric points.

Considering K = {1,2,...,n}, the following corollary is obvious from Theorem [3.1]
and Theorem B.11]

Corollary 3.17. Let X be a Banach space and let & = (21, 2,...,%,) € S (x). Then

(i) 7 is left symmetric if there exists iy € {1,2,...,n} such that x;, € Sx is left
symmetric and z; =0, for any j € {1,2,...,n}\ {ip}.
(ii) Z is right symmetric if and only if for any 1 < i < n, z; € Sx and x; is right
symmetric, when X is a real Banach space.
(ili) 7 is symmetric if and only if 7 = 0.

The symmetric points in a Banach space play a vital role in identifying the onto
linear isometries on that space, by virtue of the following fact.

Proposition 3.18. [2 Cor. 1.1] Let X and Y be normed linear spaces and let T €
L(X,Y) be an onto linear isometry. Then x € X is left symmetric (resp. right sym-
metric) if and only if T'(x) is left symmetric (resp. right symmetric) in Y.

Using this connection between symmetric points and onto isometries, we provide a
necessary condition for onto isometries on the space (2 (X). In the following result for
a Banach space X, we denote the set of all norm one left symmetric points as £. Also
for any 1 <i <n and for any = € X, we write ¢;(z) = (0,0,...,2,0,...,0) € {2 (X).

i—th
Theorem 3.19. Let X be a Banach space such that span L = X. Let T be an onto
linear isometry on % (X) . Then there exists a basis B C L of X such that for any
(Il, To, ... ,xn) S KQO(X),

T(Il, o, ... ,xn) = Z Z Ofiea(i) (¢(Zk)),

i=1 k=1
where for any 1 < i < n, x; = Y i akz, 2 € BV < k < my, o and ¢ are
permutations on the set {1,2,...,n} and L, respectively.

Proof. Let L C Sx be the set of all left symmetric points of Sx. Applying Theorem [3.1]
the set of left symmetric points of Sen (x) is given by & = {e;(2) : 1 < i < n,z € L}.
Following Proposition B.I8, if 7" is an onto isometry then 7'(s) € §,Vs € S. This implies
that for any 1 <i < n,z € L,
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where o is a permutation on {1,2,...,n} and v is a permutation on L. For any
(1, 29,...,2,) € (2(X), 2 = Y 12, agzg, where o € K 2z, € L,V1 < k < m,.
Suppose B C L is a basis of X and x; = > %, a2k, 2k € B,V1 < k < m,;. Then

T(a:l,atg,...,:):n):ZT(ei(x)) = ZT(ei(f:a;;zk))

= 3 aTela)

=Y Z ageo(n) (1 (zr)).

i=1 k=1

O

In this context, it is worth noting that it follows from [3 Th. 2.7, Th 2.9] that
span L = X, whenever X = (7 (1 < p < oco). It is well-known that the signed
permutations are the only onto isometries on £ spaces. The concept of symmetric
points was utilized in [3, Th. 2.11] to give an elementary proof of the same. Applying
similar technique, in [2, Th. 4.5], a simple proof of the classical Banach-Lamperti
Theorem has been given, which states that the signed permutations are the only onto
isometries on ¢, spaces.

SECTION-I1

In this section, our primary goal is to study the symmetric points in operator spaces
defined on real Banach spaces. For a Banach space X with Ext(Bx) # 0, let e(Bx) =
{z,y € Ext(Bx) : = # ty}. We first observe that the operator space L(X,Y) can be
embedded into the spaces of continuous functions.

Proposition 3.20. Let X, Y be Banach spaces. ThenL(X,Y) is embedded into C'(e(By~), X*).
Proof. We define ¢ : L(X,Y) — C(e(By+),X*) as

o(T) = [fr, VI € LX)Y),
where fr : e(By+) — X* is given by

fr(y") =T"(y"), Vy" € e(By-).

As T is continuous and fr = T%|¢(p,.), fr is continuous. Clearly, ¢ is well-defined. We
show that ¢ is a linear isometry. First we observe that for any & € K and for any
scalar «, 3,

forivpr,(y") = (T + BT2)*(y") = oTY (y") + BT5 (y*) = (afr, + Bfn)(y").
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This implies that ¢(aT) + f12) = ap(Ty) + Bo(T5). Also,
(Dl = lfrll = sup | fr(y)l = sup [T7(y")]

y*€e(Byx) y*€e(Byx)

= sup sup |T"(y")(z)|
y*€e(Byx ) TESx

= sup sup |T"(y")(z)]
xE€Sx y*€e(Byx)

= sup sup |y (T)|.
2E€Sx y*Ee(By+)

Following [10, Cor. 2.10.7], sup,.c.(p,.) |[y*(Tx)| = || Tx||, which implies that
16(T)|| = sup || Tz| = [T
TESK

This proves that ¢ is an isometry from L(X,Y) into C'(e(By-+), X*), finishing the proof.
O

Next we present sufficient conditions for an operator to be left symmetric and right
symmetric.

Theorem 3.21. Let X, Y be Banach spaces and let T' € Syx,yy. Then
(1) T is left symmetric if there exists y € Ext(By+) such that T*(yS) is a left
symmetric point and T*(y*) = 0,Vy* € Ext(By-) \ {Zys}
(ii) T is right symmetric if for each y* € Ext(By-), T*(y*) is a right symmetric
point of Sx- and Ext(By-) is a compact set in Y*.
Proof. (i) We define ¢ : L(X)Y) — (o (Ext(By+),X") as
o(T) = fr VT eL(X)Y),
where fr : Ext(By-) — X* is given by
fry*) =T"(y"), Yy* € Ext(By-).

Proceeding similarly as in the proof of Proposition B.20L we can show that ¢ is a
linear isometry. So, L(X,Y) is embedded into /o (Ext(By+), X*). As there exists y; €
Ext(By+) such that fr(yg) is a left symmetric point and fr(y*) = 0, Vy* € Ext(By~) \
{zxy;}, it follows from Theorem Bl that fr is left symmetric in ((Ezt(By«), X*).
Clearly, fr is also left symmetric in ¢(IL(X,Y)). Since left symmetricity is preserved
under isometric isomorphism, 7" is left symmetric in L(X,Y).

(ii) Consider
¢ LIX)Y) — C(Ezt(By+),X"),
defined as
o(T) = fr VT eLX)Y),
where fr : Ext(By~) — X* is given by

fr(y™) =T*(y"), Vy* € Ext(By-).
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It is easy to see that ¢ is a linear isometry from L(X,Y) into C'(Ext(By+),X*). Since
fr(y*) € Sk« is right symmetric for each y* € Ext(By«), it follows from Theorem
BI1 that fr is right symmetric in C(Ext(By+), X*). Clearly, fr is right symmetric in
#(L(X,Y)). Since right symmetricity is preserved under isometric isomorphism, 7" is
right symmetric in L(X,Y).

0

For some special Banach spaces, the Proposition [3.20] can be strengthened as follows.

Proposition 3.22. (i) The space L(£7,Y) is isometrically isomorphic to (7 (Y),
for any Banach space Y.
(ii) The space K(X,C(K)) is isometrically isomorphic to C(K,X*), where K is a
compact Hausdorff space.
(iii) The space L(X, (1) is isometrically isomorphic to (% (X*), for any Banach space
X.
Proof. (i) Define ¢ : L(¢},Y) — ¢2.(Y) as
(b(T) = (Tel, T€2, Ce ,T@n),
where {e1,es,...,e,} is the standard ordered basis of /7. It is clear that ¢ is linear.
Observe that for any T € L(/}, X),
[o(T)|| = I(Ter, Tes, ..., Ten)|| = sup{[|Tesl| : i € {1,2,...,n}}.
Since Ext(Bpm) = {£e1, Ley, ..., Fe,}, it is straightforward to observe that
7| = sup{||T'z|| : x € Sp } = sup{||Tes[| : i € {1,2,...,n}}.

This implies ||¢(T)|| = ||T]|. So, ¢ is an isometry. So to prove (i), we only need to show
that ¢ is surjective. Let (xq,22,...,%,) € €2 (Y). We finish the proof by defining a
linear operator T : ¢} — Y given by T'(e;) = x;, for any i, 1 < i < n.

(ii) Follows directly from [4, Th.1 (p. 490)]. Indeed, the isometric isomorphism
¢ between K(X,C(K)) and C(K,X*) is defined as follows : for 7" € K(X,C(K)),
o(T)(k)(x) = Tz(k) = T*(0)(x),Vk € K,z € X, where Jj, is the evaluation map de-
fined on C(K) as 0x(f) = f(k),Vf € C(K).

(iii) This follows immediately from (ii) by taking |K| = n.

O

In the following theorem, we present a complete characterization of left and right
symmetric operators in the space L(¢}, X).

Theorem 3.23. Let X be a Banach space and let T € L(¢},X). Then
(i) T" € Sver x) is left symmetric if and only if there exists ig € {1,2,...,n} such
that the following hold:
(a) T(eio) € SXa
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(b) T(ej) =0,Vj € {1>2a ‘e '>n} \ {'éO}a
(c) T'(e;,) is a left symmetric point,
(ii) T € Sven x) is right symmetric if only if for eachi,1 <i <n, T(e;) € Sx and
Te; s right symmetric,
(iii) T is symmetric if and only if T is the zero operator,

where for 1 < i < n, ei:(0,0,...,llth,O,...,O) € 7.

Proof. From Proposition B:22(i), L(¢},X) is isometrically isomorphic to ¢Z (X). More-
over, ¢ : L({},X) — (2 (X) defined as ¢(T') = (Tey, Tes,...,Te,) is the isometric iso-
morphism. Since left (right) symmetricity is preserved under isometric isomorphism,
the desired result follows easily from Corollary B.I7 O

Remark 3.24. In [7], the symmetric operators have been studied in the space L(¢7}, X)
and a complete characterization of left symmetric operators has been obtained [7, Th
3.6], whereas for the right symmetric operators, only a necessary condition has been
found [7, Th 3.7]. It should be noted that for the necessary condition obtained in |7,
Th. 3.7] for right symmetric operators, we observe that it is also sufficient.

In the following two results, we characterize the left symmetric operators and the
right symmetric operators in the space K(X, C'(K)).

Proposition 3.25. Let K be a compact, perfectly normal space and let X be a Banach
space. Let T' € Sgex.ck)- Then T is left symmetric if and only if T satisfies the
following:

(i) there exists exactly one point ky € K such that T*(0y,) € Sx and T*(0;) = 0,

Vk € K\ {ko},

(ii) T*(6x,) s a left symmetric point in X*,
where 6 € (C(K))* such that 0, (f) = f(k), for any f € C(K). Moreover, if K does not
contain any isolated point then T is left symmetric if and only T is the zero operator.

Proof. From Proposition B:22(ii), K(X, C(K)) is isometrically isomorphic to C'(K, X*).
Moreover, ¢ : K(X,C(K)) — C(K,X*) given by ¢(T')(k) = T*(dx) is the isometric
isomorphism. Hence applying Theorem [B.3], the result follows easily. O

Proposition 3.26. Let K be a compact Hausdorff space and X be a Banach space. Let
T € Skx,c(k))- Then T is a right symmetric operator if and only if the following hold:
(i) T*(6x) € Sx=, for any k € K,
(il) T*(O) is right symmetric point of Sx«, Vk € K,

where 8, € (C(K))* such that 0,(f) = f(k), for any f € C(K).

Proof. The proof is in the same line as that of Proposition[3.25] and is therefore omitted.
O

Next we provide an explicit form of the left and right symmetric operators in
L(X, %),
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Theorem 3.27. Let X be any Banach space and let T € Syx . Then
(i) T is left symmetric if and only if there exists j € {1,2,...,n} such that for any
reX, Te=(0,...,0, f(x),0,...,0), where f € Sx~ is a left symmetric point

j-th
of X*.
(ii) T is right symmetric if and only if for any x € X, T'(x) = (f1(x), fo(2), ..., fu(x)),
where each f; € Sx+ is a right symmetric point of X*, for any 1 < i < n.
(iii) T 1s symmetric if and only if T is the zero operator.

Proof. Observe that Ext(Byny-) = {£e; : 1 < i < n}, where ¢;(z) = x;, for any
x = (x1,29,...,2,) € 2. From Proposition B.22] L(X, () is isometrically isomorphic
to 02 (X*). Moreover, if ¢ is the isometric isomorphism between L(X, (%) and (7 (X*),
then ¢(T) = (T ey, T ey, ..., T"e,).

(i) From Corollary B.17, we obtain that ¢(7") is left symmetric if and only if there
exists j € {1,2,...,n} such that T*(e;) € Sx~ is a left symmetric point and 7%(e;) = 0,
for any i € {1,2,...,n} \ {j}. Suppose that T*(e;) = f. Let for any z € X, Tz =
(ur(z), ua(x), ..., up(x)), where u; € X*. Then u;(x) = e;(Tz) = T*(e;)(x) = f(x) and
ui(z) = e;(Tx) = T*(e;)(z) = 0, whenever ¢ # j. Thus we obtain (i).

(ii) Proceeding similarly as in (i) and applying Corollary B.IT, we obtain (ii).

(iii) Follows directly from (i) and (ii). O

Remark 3.28. It is clear from the previous result that L(X, ¢ ) has no non-zero left
symmetric point if X* does not have any non-zero left symmetric point. As (¢2)* = ¢}
and ¢} has no non-zero left symmetric point for n > 2 (see [3, Th. 2.8]), there does
not exist any non-zero left symmetric operator in IL(¢2), whenever n > 2.

From Theorem and by using the characterization of left symmetric points of
lr,p # 1,2,00 (see [3, Th. 2.7]), we classify left symmetric operators in L(£}, Z)) in

P Yoo
the following result.

Corollary 3.29. Let T' € (£}, £,)) with ||T'[| = 1. Then T is left symmetric if and only
if there exists j € {1,2,...,n} such that T'(zy,23,...,2,) = (0,0,...,u;,0,...,0),
where u; is one of the two following:

(i) uj = g, for some k € {1,2,...,m}.

(ii) u; = j:i%xk + 2%3:1, for some k,l € {1,2,...,m}.

Proof. From Theorem [3.27] T is left symmetric if and only if there exists j € {1,2,...,n}
such that for any = € (', Tx = (0,0,..., f(2),0,...,0), where f € S(m)- is a left sym-
metric point of (£7')*. As (£')* is isometrically isomorphic to £, f € Sgpn)~ is exactly
of one of the following forms [3, Th. 2.7]:

(i) f(x1,29,...,2,) = x;, for some 5,1 < j<m

(i) f(z1, @2y . 2n) = £5a; + éxk, for some j, k € {1,2,...,m}.

249

O

Using Theorem [3.27] and the characterization of right symmetric points of 7, p #
1,2,00 (see [3, Th. 2.7]), the right symmetric operators in the space L((", %) can be

p oo



ON SYMMETRIC FUNCTIONS AND SYMMETRIC OPERATORS ON BANACH SPACES 19

expressed explicitly in the following way. The proof is omitted as it is in the same line
as that of Corollary [3.29

Corollary 3.30. Let T' € L(¢*, (%) with ||T]| = 1. Then T is right symmetric if and

p » Yoo
only if T'(zq, xa, ..., 2m) = (u1, us, . . ., uy,), where each u; is one of the following:
(i) uj = g, for some k € {1,2,...,m}.
(ii) u; = £5ap £ Loy, for some k,1 € {1,2,...,m}.
24 249

Remark 3.31. The symmetricity of operators on a strictly convex Banach space space
has been studied in [7, 12]. In [12], it has been shown that if X|Y are both reflexive
strictly convex spaces then the zero operator is the only left symmetric operator. In [7,
Th. 3.3], an example of non-zero left symmetric operator has been given in L(¢2, £2,).
To the best of our knowledge, it is the only example of a non-zero left symmetric
operator on a strictly convex Banach space. However, from Theorem B.27] we now
have a class of non-zero left symmetric operators on strictly convex Banach spaces, see

Corollary

We next present necessary conditions for a rank 1 operator to be left symmetric and
right symmetric in the space of all compact operators on reflexive Banach spaces. To
do so, we need the following easy observation.

Proposition 3.32. Let X, Y be Banach spaces. Let T € IL(X,Y) be a rank 1 operator.
Then My = +F, for some face F of Bx.

Theorem 3.33. Let X,Y be two reflexive Banach spaces and let T € L(X)Y) be a
rank 1 operator.

(i) If T is left symmetric then there exists a left symmetric element w in Y and a
left symmetric functional f in X* such that

Tz = f(z)w, Vo € X.

(ii) If T is right symmetric then there exists a right symmetric element w in Y and
a right symmetric functional f in X* such that

Tz = f(z)w, Vo € X.

Proof. (i) As T is of rank 1, T can be expressed as T'(z) = f(z)w, Vo € X, where w € Y
and f € X*. Suppose on the contrary that w is not left symmetric. Then there exists
v € Y such that w Lg v but v L5 w. Define S : X — Y such that S(z) = f(z)v, for
any x € X. It is straightforward to verify that My = Mg and for any z € My(= Mg),
Tz = +w, Sz = +v. Observe that for any z € My, Tz 1 g Sz, which implies T' L g S.
Moreover, for any z € Mg, Sz [Lp T=z. Using Proposition and [17, Th.2.1], we
conclude that S L T, which contradicts that T is left symmetric. Therefore, w is left
symmetric. It is easy to check that T*(y*) = ¥(w)(y*)f, for any y* € Y*, where 1) is
the canonical isometric isomorphism from X to X**. Clearly, T™* is rank 1. Moreover,
as X, Y are reflexive, T' is left symmetric implies that 7™ is also left symmetric. Now,
suppose on the contrary that f is not left symmetric. Then there exists ¢ € X* such
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that f Lp g but ¢ Lp f. Define A : Y* — X* such that A(y*) = ¢¥(w)(y*)g. Clearly,
My« = M. Proceeding similarly as above, we obtain that 7% Lg A but A Y T*,
which contradicts that T* is left symmetric. This completes the proof of (i).

(ii) As in (i) T can be expressed as T'(z) = f(x)w, Vo € X, Let My = +F, for
some face F' of Bx and Tx = w, for any x € F. On the contrary, assume that w
is not right symmetric. Then there exists v € Y such that v Lg w but w fp v.
Define S : X — Y such that S(z) = f(z)v, for any = € X. It is straightforward to
see that My = Mg and for any z € Mp(= Mg), Tz = +w, Sz = tv. Observe that
for any z € Mg, Sz Lg Tz, which implies that S Lg T. Moreover, for any z € Mr,
Tz ) p Sz. Using Proposition and [I7, Th. 2.1}, we obtain that 7" /g S, which
contradicts that T is right symmetric. Therefore, w is right symmetric. Also, we
have that T*(y*) = ¢¥(w)(y*)f, for any y* € Y*, where ¢ is the canonical isometric
isomorphism from X to X**. Clearly, T™ is of rank 1. Moreover, since X, Y are reflexive
and T is right symmetric, it follows that 7% is right symmetric. Proceeding similarly
as above (the proof of right symmetricity of w), we can show that f is right symmetric.
This completes the theorem. O

In [I2] Th. 2.8], it has been shown that for a reflexive and strictly convex Banach
space X, if a non-zero T' € K(X,Y) is left symmetric, then T is a rank 1 operator.
Also in the same article [12] Th. 2.10], it also has been shown that if both X, Y are
reflexive spaces and Y is smooth, then K(X, Y) has only rank 1 non-zero left symmetric
operator. Thus combining Theorem and [12, Th.2.8, Th.2.10], we can conclude
that the left symmetric compact operators are of special forms as mentioned below.

Theorem 3.34. Let X,Y be reflevive Banach spaces and let T' € Sg(xy) be left sym-
metric. If either X is strictly convex or Y is smooth, then there exists a left symmetric
element w in Y and a left symmetric functional f in X* such that

Tz = f(z)w, Vo € X.

Observe that the conditions in Theorem [3.33] are not sufficient. Indeed, for a Hilbert
space H, the space IL(H) has no non-zero left symmetric operators [20, Th.3.3]. More-
over, L(H) does not have any rank 1 right symmetric operator as the only right sym-
metric operators in L(H) are the isometries and the co-isometries [20, Cor.4.5].
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